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1 A simple typed language

Deterministic memoization of a function f is the process of systematically storing the result of

applying f to every argument, so that we can reuse it later when the same call is made [Mic68].

Since we only need to compute such a result once, this leads to a speed-up of the program, but

it does not change its semantics.

However, in the presence of probabilistic side-e�ects, memoizing a stochastic function f is no

longer just an optimization technique. It does change the semantics [Roy+08; Sta21; Woo+09],

enabling us to de�ne (possibly in�nite) random sequences, which are of paramount importance

in probability and statistics.

Categorically, such a stochastic function is interpreted as a probabilistic kernel f : X → PY in

a suitable cartesian closed category
1

– e.g. the category of Quasi-Borel spaces [Heu+17] – where

P is a probability monad. Memoization is then internally expressed as a morphism

memX,Y : (PY )X −→ P (Y X)

converting a probabilistic kernel (which associates, for every given input in X , a random output

in Y ) into a random function X → Y (randomly choosing all the outputs for all the possible

inputs at once). If f is written as a lambda-abstraction λx. u : X → PY , memX,Y (f) will be

denoted by
2 λמx. u.

We consider a small simply typed language to shed light on three features that we model

semantically:

• name generation: we can generate fresh names (referred to as atomic names or atoms, in

the sense of Pitt’s nominal set theory [Pit13]) with constructs such as let x = fresh() in · · · .

• basic probabilistic e�ects: for illustrative purposes, the only distribution we con-

sider, as a �rst step, is the Bernoulli distribution with bias p = 1/2. Constructs like

let b = flip() in · · · amount to �ipping a fair coin and storing its result in a variable b.

• stochastic memoization: if a stochastic function f – memoized with the new λמ operator

– is called twice on the same argument, it should return the same result.

We have the following base types: bool (booleans), A (atomic names), and F (intended for

memoized functions A→ bool). For the sake of simplicity, we do not have arbitrary function

types.

1
cartesian closedness enables us to model higher-order functions

2
borrowing Melliès’ use of the Hebrew letter “mem” [Mel14], to mean “memoization” here
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A,B ::= bool | A | F | A×B

In �ne-grained call-by-value fashion [Lev06], there are two kinds of judgements: typed values,

and typed computations.

Values:

−
Γ, x : A `v x : A

Γ `v v : A Γ `v w : B

Γ `v (v, w) : A×B
−

Γ `v true : bool

−
Γ `v false : bool

Computations:
Γ `v v : A

Γ `c return(v) : A

Γ `c u : A Γ, x : A `c t : B

Γ `c let val x ← u in t : B

Matching:

Γ `v v : bool Γ `c u : A Γ `c t : A

Γ `c if v thenu else t : A

Γ `v v : A×B Γ, x : A, y : B `c t : C

Γ `c match v as (x, y) in t : C

Language-speci�c commands:

−
Γ `c flip() : bool

−
Γ `c fresh() : A

Γ `v v : A Γ `v w : A
Γ `c (v = w) : bool

Γ `v v : F Γ `v w : A
Γ `c (v@w) : bool

Γ, x : A `c u : bool

Γ `c λמx. u : F

Remark 1.1. Note that the only way to produce a term of type A or F is by a typed computation.

In derivation rules such as the ones of Γ `c (v@w) : bool and Γ `c (v = w) : bool, where v, w
are assumed to be values of type A or F, this implies that v, w are bound in the overall program

to variables by a let-binding (e.g. let val v ← fresh() in let val w ← fresh() in (v = w)).

Notation 1.2. We denote by Contexts and Values the sets of contexts and values.
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2 Denotational semantics

We work in the (cartesian closed) category of covariant presheaves on the category

BiGrphemb := (Grphemb ↪→ Grph) ↓ (Grph
∆K2←−−− ∗)

of �nite bipartite graphs (henceforth called bigraphs) and embeddings (that do not add or remove

edges).

Notation 2.1. For a bigraph g, we denote by gL (resp. gR) and Eg
its set of left (resp. right)

nodes and its edge relation.

The denotation of basic types is given by:

JFK = BiGrphemb(◦,−) JAK = BiGrphemb(•,−)

where ◦ and • are the one-vertex left and right graphs respectively. The denotation of the type

of booleans is the constant presheaf 2 ∼= 1 + 1, as usual.

For a bigraph g and a presheaf X = JX K, X(g) is thought of as the set of generative model-

s/programs of type X that may use the bigraph g, in the following sense: probabilistic function

(that we want to memoize) and atom labels are stored as left and right nodes respectively. The

presence (resp. absence) of an edge between a given left and right node memoizes the fact that a

probabilistic call of the corresponding function on the corresponding atom has resulted in true
(resp. false).

For every embedding ι : g ↪→ g′, the function Xι : X(g) → X(g′) models substitution in the

programs in X(g) according to ι.

Remark 2.2. The model will soon be re�ned to the subtopos of sheaves over BiGrphemb for the

atomic Grothendieck topology. The sheaf condition expresses the fact that if two bigraphs g1, g2

have a common intersection g and x ∈ X(g1) ∩X(g2), then the program x can be regarded as

only using g, so that x ∈ X(g) [Sta].

Moreover, in a standard way, a value judgement Γ `v v : A is interpreted as a natural transforma-

tion JΓK→ JAK: the variable rule being a projection, the product type constructor a categorical

pairing, and the bool constructors (true, false) the two canonical coprojections.

Let Pf be the �nite probability monad on [BiGrphemb,Set]:

Pf(X)(g) =
{
p : X(g)→ [0, 1]

∣∣∣ supp(p) �nite and

∑
x

p(x) = 1
}

By considering the following ‘node-generation’ monad N on [BiGrphemb,Set]:

N(X)(g) = colimg→hX(h)
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one could be tempted to think that modeling name generation and stochastic memoization is a

matter of composing these two monads. But this is not quite enough.

We also need to remember, in the monadic computations, the probability of a function return-

ing true for a fresh, unseen atom. To do so, analogously to Plotkin and Power’s local state

monad [Mel14; PP02; Sta10], we introduce a probabilistic local state monad on [BiGrphemb,Set].

2.1 Probabilistic local state monad

De�nition 2.3 (Probabilistic local state monad). For all covariant presheafX : BiGrphemb → Set
and bigraph g ∈ BiGrphemb:

T (X)(g) :=

(
Pf

∫ g↪→h (
X(h)× [0, 1](h−g)L

))[0,1]gL

It is similar to the read-only state monad, except that any fresh node can be initialized. Every

λ ∈ [0, 1]gL is thought of as the probability of the corresponding function/left node being true

on a new fresh atom. We will refer to such a λ as a state of biases.

Remark 2.4. The coend takes care of garbage collection. Indeed, if g is a subbigraph of h, h′, and

h is a subbigraph of h′, by universal property of the coend, we have the following commutative

diagram:

X(h)× [0, 1](h
′−g)L

X(h′)× [0, 1](h
′−g)L X(h)× [0, 1](h−g)L

∫ g↪→h (
X(h)× [0, 1](h−g)L

)

X(h↪→h′)×1 1×(−◦(h−g)L↪→(h′−g)L)

This means that if the state of biases is de�ned over h′ but h′ − h is unused (since the program

comes from an element X(h)), we might as well discard it and restrict ourselves to h (i.e. h′ − h
is garbage collected).

In the following subsections, we will show that:

Theorem 2.5. The assignment T can be extended to an a�ne strong commutative monad on
BiGrphemb.
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2.2 Functoriality

In the following, X, Y, Z : BiGrphemb → Set denote presheaves, g = (gL, gR, E
g), g′, h, h′ ∈

BiGrphemb bigraphs, ι, ι′ : g ↪→ g′ bigraph embeddings, and λ, λ′ : [0, 1]gL states of biases. We

will omit subscripts when they are clear from the context.

Notation 2.6. Equivalence classes in

∫ g↪→h
X(h) × [0, 1](h−g)L are written [xh, λ

h]g. We use

Dirac’s bra-ket notation

∣∣[xh, λh]g〉h to denote a formal column vector of equivalence classes

ranging over a �nite set of h’s. As such, a formal convex sum

∑
i pi[xhi , λ

hi ]g ∈ Pf

∫ g↪→h
X(h)×

[0, 1](h−g)L will be concisely denoted by

〈−→p ∣∣ [xh, λh]g〉h.

De�nition 2.7 (Action of T (X) on morphisms).

T (X)(g
ι
↪−→ g′) :



(
Pf

∫ g↪→h
X(h)× [0, 1](h−g)L

)[0,1]gL

−→
(
Pf

∫ g′↪→h′

X(h′)× [0, 1](h
′−g′)L

)[0,1]g
′
L

ϑ 7→ [0, 1]g
′
L
−◦ιL−−−→ [0, 1]gL

ϑ−→ Pf

∫ g↪→h
X(h)× [0, 1](h−g)L

Pfψg,g′−−−−→ Pf

∫ g′↪→h′

X(h′)× [0, 1](h
′−g′)L

where

• the map

∫ g↪→h
X(h)× [0, 1](h−g)L

ψg,g′−−−→
∫ g′↪→h′

X(h′)× [0, 1](h
′−g′)L

is given by:X(h)× [0, 1](h−g)L → X(h
∐

g g
′)× [0, 1](h

∐
g g
′−g′)L →

∫ g′↪→h′
X(h′)× [0, 1](h

′−g′)L

(xh, λ
h) 7−→ (X(h ↪→ h

∐
g g
′)(xh), λ

h) 7−→ [X(h ↪→ h
∐

g g
′)(xh), λ

h]g′

extranat. in h∫ g↪→h
X(h)× [0, 1](h−g)L

ψg,g′−−−→
∫ g′↪→h′

X(h′)× [0, 1](h
′−g′)L

• ιL : gL ↪→ g′L is the embedding restricted to left nodes.

• h
∐

g g
′
is the pushout in the category of graphs regarded as an object of BiGrphemb:

g g′

h h
∐

g g
′

y

Notation 2.8. More concretely, with Dirac’s convenient bra-ket notation, T (X)(g
ι
↪−→ g′) can

be written as:

T (X)(ι) =


(
Pf

∫ g↪→h
X(h)× [0, 1](h−g)L

)[0,1]gL

−→
(
Pf

∫ g′↪→h′
X(h′)× [0, 1](h

′−g′)L
)[0,1]g

′
L

ϑ 7−→ λ′ 7→ let ϑ(λ′ιL) =
〈−→p ∣∣ [xh, λh]g〉h in

〈−→p ∣∣∣ [X(h ↪→ h
∐

g g
′)(xh), λ

h]g′
〉
h
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In the de�nition of ψg,g′ , extranaturality in h does indeed hold, as for every g ↪→ h1, h2 and

h1 ↪→ h2:

X(h1)× [0, 1](h2−g)L

x1, λ2

X(h1)× [0, 1](h1−g)L x1, λ2ι
′
L X(h1 ↪→ h2)(x1), λ2 X(h2)× [0, 1](h2−g)L

[X(h1 ↪→ h1

∐
g g
′)(x1), λ2ι

′
L]g′

[X(h1 ↪→ h2 ↪→ h2

∐
g g
′︸ ︷︷ ︸

= h1↪→h1
∐
g g
′↪→h2

∐
g g
′

)(x1), λ2]g′

∫ g′↪→h′
X(h′)× [0, 1](h

′−g′)L

Proposition 2.9 (Functoriality). T is an endofunctor on BiGrphemb.

Proof. For ι : g ↪→ g = id,

〈−→p ∣∣ [X(h ↪→ h
∐

g g︸ ︷︷ ︸
=h

)(xh), λ
h]g
〉
h

=
〈−→p ∣∣ [xh, λh]g′〉h and λ′ιL = λ′

so T (X)(g
ι
↪−→ g) = id.

For every g ↪→ g′ ↪→ g′′:∑
i

pi

[
X(hi ↪→ hi

∐
g g
′′)(xhi), λ

hi

]
g′′

=
∑
i

pi

[
X(hi ↪→ hi

∐
g g
′ ↪→ (hi

∐
g g
′)
∐

g′ g
′′)(xhi), λ

hi
∐
g g
′
]
g′′

so T (X)(g ↪→ g′ ↪→ g′′) = T (X)(g ↪→ g′) ; T (X)(g′ ↪→ g′′).

2.3 Monad structure

T can be endowed with the structure of a Psh(BiGrphop
emb)-enriched monad, that is, since

Psh(BiGrphop
emb) is a (cartesian) monoidal closed category, a strong monad. Its unit ηX : 1 →

TXX
and bind (−)∗ : TY X → TY TX

are described in the following section.

Reminder. Recall that, in the category Psh(BiGrphop
emb) := [BiGrphemb,Set] of covariant

presheaves over BiGrphemb, the exponential object Y X
is given by g 7→ [X ×よ(g), Y ], where

• よ : BiGrphop
emb → [BiGrphemb,Set] is the covariant Yoneda embedding.

• [X ′, Y ′] = Nat (X ′, Y ′) is the set of natural transformations between two presheaves X ′

and Y ′.
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2.3.1 Enriched Bind and Unit

Enriched unit ηX : 1→ TXX
:

ηX(g) :


{∗} −→ [X ×よ(g), TX]

∗ 7−→ ŋg′ :

{
X(g′)×よ(g)(g′) −→ TX(g′)

xg′ , _ 7−→
(

[0, 1]g
′
L 3 λ 7→ 1 · |[xg′ , !]g′〉

)

Enriched bind (−)∗ : TY X → TY TX
:

(−)∗g :

{
TY X(g) −→

[
TX ×よ(g), TY

]
ϕ 7−→ ϕ∗

where

ϕ∗g′ :



(
Pf

∫ g′↪→h
X(h)× [0, 1](h−g

′)L
)[0,1]g

′
L

×よ(g)(g′)
ϕ∗
g′−−→
(
Pf

∫ g′↪→h′

Y (h′)× [0, 1](h
′−g′)L

)[0,1]g
′
L

(ϑ, g
ι
↪−→ g′)

ϕ∗
g′7−−→ λ′ 7→ let ϑ(λ′) =

〈−→p ∣∣ [xh, λh]g′〉h∈Hg′ in

for each h ∈ Hg′ ,

let ϕh(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) =

〈−→qh ∣∣ [y′h, γh′ ]h〉h′∈Hh in〈−→p ∣∣Q ∣∣ [yh′ , γh′ t λh]g′〉h′∈ ⋃
h∈Hg′

Hh

and

Q :=


−→qh1

.

.

.

−→qhn


hi∈Hg′

=

qh1,h′1 qh1,h′m
.
.
. · · · .

.

.

qhn,h′1 qhn,h′m


hi∈Hg′

h′j∈
⋃

h∈Hg′
Hh

Remark 2.10. In the de�nition of Q, we assume that each
−→qh (for h ∈ Hg′) has been 0-padded

accordingly.

Reminder. Internal composition ZY × Y X ◦−→ ZX
in the category of presheaves is given by:

∀g,

{
[Y ×よ(g), Z]× [X ×よ(g), Y ] −→ [X ×よ(g), Z]

ψ, ϕ 7−→ X ×よ(g)
1×∆−−−→ X ×よ(g)×よ(g)

ϕ×1−−−→ Y ×よ(g)
ψ−→ Z
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where ∆ is the diagonal functor. In particular, ZY × Y ev = ◦−−−→ Z reduces to:

∀g,

{
[Y ×よ(g), Z]× Y (g) −→ Z(g)

ψ, y 7−→ ψg((y, idg))

Notation 2.11. Morphisms f : X → TY in [BiGrphemb,Set] will sometimes, by abuse of

notation, be identi�ed with their exponential transpose λX .f : 1→ TY X
. Moreover:

f ∗ := 1
f−→ TY X (−)∗−−−→ TY TX

2.3.2 Associativity and unit laws

Right unit law Φ∗ ◦ η = Φ: Let us show that

1 TY X TY TX

× × TY X = 1 TY X

1 TXX

Φ (−)∗

η

Φ◦

First:

Φ∗g =



1(g)
Φg−−→ [X ×よ(g), TY ]

(−)∗g−−−→ TY TX(g)

∗ 7−→ ϕ 7−→ (ϑ, g
ι
↪−→ g′)

ϕ∗
g′7−−→ λ′ 7→ let ϑ(λ′) =

〈−→p ∣∣ [xh, λh]g′〉h in

for each h,

let ϕh(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) =

〈−→qh ∣∣ [yh′ , γh′ ]h〉h′ in〈−→p ∣∣Q ∣∣ [yh′ , γh′ t λh]g′〉h′
and

Φ∗g ◦ ηg =

{
(1× 1)(g)

Φ∗g×ηg−−−−→ TY TX(g)× TXX(g)
◦−→ TY X(g)

(∗, ∗) 7−→ ϕ∗g′ , ŋg′7−→ (1×∆) ; (ŋ× 1) ; ϕ∗
?
= ϕ

where

ŋg′ :

{
X(g′)×よ(g)(g′) −→ TX(g′)

xg′ , _ 7−→
(

[0, 1]g
′
L 3 λ 7→ 1 · |[xg′ , !]g′〉

)
9



The morphism X ×よ(g)
1×∆−−−→ X ×よ(g)×よ(g)

ŋ×1−−→ TX ×よ(g)
ϕ∗−−→ TY is then given

by:


X(g′)×よ(g)(g′)

(id×∆)g′−−−−−→ X(g′)×よ(g)(g′)2
(ŋ×id)g′−−−−−→ TX(g′)×よ(g)(g′)

ϕ∗
g′−−→ TY (g′)

xg′ , g
ι
↪−→ g′ 7−→ xg′ , ι, ι 7−→ [0, 1]g

′
L 3 λ 7→ 1 · |[xg′ , !]〉 , ι

7−→ λ′ 7→ let ϕg′(xg′ , ι)(λ
′) =

〈−→q ∣∣ [yh′ , γh′ ]g′〉h′ in

〈1 | −→q | [yh′ , γh
′ t !︸ ︷︷ ︸

= γh
′

]g′〉h′

Left unit law η∗ = id: Let us show that

1
η−→ TXX (−)∗−−−→ TXTX = 1

λTX . id−−−−→ TXTX

The left-hand side (LHS) is equal to:

∗ ηg7−→ ŋg′ :

{
X(g′)×よ(g)(g′) −→ TX(g′)

xg′ , _ 7−→
(

[0, 1]g
′
L 3 λ 7→ 1 · |[xg′ , !]〉

)
(−)∗g7−−−→ ϑ, g

ι
↪−→ g′

ŋ
∗
g′7−→ λ′ 7−→ let ϑ(λ′) =

〈−→p ∣∣ [xh, λh]g′〉h in

for each h, let ŋh(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) = 1 · |[xh, !]h〉 in

〈−→p | I︸︷︷︸
identity matrix

| [xh, ! t λh︸ ︷︷ ︸
=λh

]g′〉h

=

ϑ, ι
ŋ
∗
g′7−→ λ′ 7−→ ϑ(λ′)︸ ︷︷ ︸

= RHS

Associativity Ψ∗ ◦ Φ∗ = (Ψ∗ ◦ Φ)∗: Let us show that
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1 TZY TZTY

× × × TY TX

1 TY X TY TX

‖

1 TZY TZTY

× × TY X TY TX

1 TY X

Ψ (−)∗

Φ

◦

Ψ (−)∗

Φ

(−)∗

(−)∗

◦

The LHS

(Ψ∗g×Φ∗g) ;◦ = (1(g)×1(g)
Ψg×Φg−−−−→ TZY (g)×TY TX(g)

(−)∗g×(−)∗g−−−−−−→ TZTY (g)×TY TX(g)) ;◦

is equal to:
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∗, ∗ 7−→ ψ ∈ [Y ×よ(g), TZ],
ϕ ∈ [X ×よ(g), TY ]

7−→
(
ϑ, g

ι
↪−→ g′

ψ∗
g′7−−→ λ′ 7→ let ϑ(λ′) =

〈−→r ∣∣ [yh, θh]g′〉h in

for each h,

let ψ(yh, g
ι
↪−→ g′ ↪→ h)(θh t θ′) =

〈−→sh ∣∣∣ [zh′ , χh′ ]h〉
h′

in〈−→r ∣∣S ∣∣ [zh′ , χh′ t θh]g′
〉
h′

)
,(

ϑ, g
ι
↪−→ g′

ϕ∗
g′7−−→ λ′ 7→ let ϑ(λ′) =

〈−→p ∣∣ [xh, λh]g′〉h′ in

for each h,

let ϕ(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) =

〈−→qh ∣∣∣ [yh′ , γh′ ]h〉
h′

in〈−→p ∣∣Q ∣∣ [yh′ , γh′ t λh]g′
〉
h′

)
◦
7−→ (1×∆) ; (ϕ∗ × 1) ; ψ∗︸ ︷︷ ︸

=α

?
= ((1×∆) ; (ϕ× 1) ; ψ∗)∗︸ ︷︷ ︸

= RHS := β

where the map

α := TX ×よ(g)
1×∆−−−→ TX ×よ(g)2 ϕ∗×1−−−→ TY ×よ(g)

ψ∗−−→ TZ

is given by
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TX(g′)×よ(g)(g′)
(1×∆)g′−−−−−→ TX(g′)×よ(g)(g′)2

ϕ∗
g′ × idg′
−−−−−−→ TY (g′)×よ(g)(g′)

ψ∗
g′−−→ TZ(g′)

ϑ, ι 7→ ϑ, ι, ι 7→
(
λ′

ϕ∗
g′ (ϑ,ι)7−−−−→ let ϑ(λ′) =

〈−→p ∣∣ [xh, λh]g′〉h in

for each h,

let ϕh(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) =

〈−→qh ∣∣∣ [yh′ , γh′ ]h〉
h′

in〈−→p ∣∣Q ∣∣ [yh′ , γh′ t λh]g′
〉
h′

)
, ι

ψ∗
g′7−−→ λ′ 7→ let ϕ∗g′(ϑ, ι)(λ

′) =
〈−→p ∣∣∣Q ∣∣∣ [yh′ , γh′ t λh]g′

〉
h′

in

for each h′,

let ψh′(yh′ , g
ι
↪−→ g′ ↪→ h′)(γh

′ t λh t λ′) =
〈−→sh′ ∣∣∣ [zh′′ , χh′′ ]h′〉

h′′
in〈−→p ∣∣Q ∣∣S ∣∣ [zh′′ , χh′′ t γh

′ t λh]g′
〉
h′′

=

ϑ, ι 7→ ϑ, ι, ι 7→ λ′
ϕ∗
g′ (ϑ,ι)7−−−−→ let ϑ(λ′) =

〈−→p ∣∣ [xh, λh]g′〉h in

for each h,

let ϕh(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) =

〈−→qh ∣∣∣ [yh′ , γh′ ]h〉
h′

in

for each h′,

let ψh′(yh′ , g
ι
↪−→ g′ ↪→ h′)(γh

′ t λh t λ′) =〈−→sh′ ∣∣∣ [zh′′ , χh′′ ]h′〉
h′′

in〈−→p ∣∣Q ∣∣S ∣∣ [zh′′ , χh′′ t γh
′ t λh]g′

〉
h′′

As for the map

β := (X ×よ(g)
1×∆−−−→ X ×よ(g)×よ(g)

ϕ×1−−−→ TY ×よ(g)
ψ∗−−→ TZ)∗
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we have

X(g′)×よ(g)(g′)
idg′×∆g′−−−−−→ X(g′)×よ(g)(g′)2

ϕg′ × idg′−−−−−−→ TY (g′)×よ(g)(g′)
ψ∗
g′−−→ TZ(g′)

xg′ , g
ι
↪−→ g′ 7−→ xg′ , ι, ι

7−→ ϕg′(xg′ , ι), ι

ψ∗
g′7−−→ λ′ 7→ let ϕg′(xg′ , ι)(λ

′) =
〈−→q ∣∣∣ [yh′ , γh′ ]g′〉

h′
in

for each h′,

let ψh′(yh′ , g
ι
↪−→ g′ ↪→ h′)(γh

′ t λ′) =
〈−→sh′ ∣∣∣ [zh′′ , χh′′ ]h′〉

h′′
in〈−→q ∣∣S ∣∣ [zh′′ , χh′′ t γh

′
]g′
〉
h′′

So that β is given by:

TX(g′)×よ(g)(g′)
ζ∗(g′) :=

(
(id(g′)×∆(g′)) ; (ϕ(g′)×id(g′)) ;ψ∗(g′)

)∗
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ TZ(g′)

ϑ, ι 7−→ λ′ 7−→ let ϑ(λ′) =
〈−→p ∣∣ [xh, λh]g′〉h in

for each h,

let ζh(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) =〈−→qh ∣∣Sh ∣∣ [zh′′ , χh′′ t γh

′ t λh]g′
〉
h′′

in〈−→p ∣∣Q ∣∣S ∣∣ [zh′′ , χh′′ t γh
′ t λh]g′

〉
h′′

=

ϑ, ι 7−→ λ′ 7−→ let ϑ(λ′) =
〈−→p ∣∣ [xh, λh]g′〉h in

for each h,

let ϕ(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) =

〈−→qh ∣∣∣ [yh′ , γh′ ]h〉
h′

in

for each h′,

let ψh′(yh′ , g
ι
↪−→ g′ ↪→ h′)(γh

′ t λh t λ′) =
〈−→sh′ ∣∣∣ [zh′′ , χh′′ ]h′〉

h′′
in〈−→p ∣∣Q ∣∣S ∣∣ [zh′′ , χh′′ t γh

′ t λh]g′
〉
h′′

Therefore, α = β.

2.4 Strong commutativity

Theorem 2.12 (Strong commutativity). T is a strong commutative monad, i.e. in the internal
language of the topos: for every a : 1→ TA, b : 1→ TB:

a�=λx. b�=λy. η(x, y) = b�=λy. a�=λx. η(x, y) (1)
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Proof. The term b�=λy. η(x, y) is given by:

A T (A×B)B T (A×B)TB

× × T (A×B)

1 TB

λB .η (−)∗

b

ev

So eq. (1) corresponds to the following equality of commutative diagrams:

1 T (A×B)A T (A×B)TA

× × T (A×B)

1 TA

=

1 T (A×B)B T (A×B)TB

× × T (A×B)

1 TB

λA.

((
(λB .η)∗×b

)
; ev

)
(−)∗

a

ev

λB .

((
(λA.η)∗×a

)
; ev

)
(−)∗

b

ev

Step by step, this unfolds as:

• A
λB .η−−−→ T (A×B)B :

A(g)
(λB .η)g−−−−→ T (A×B)B(g)

x 7−→ ŋ
x
g′ :

{
B(g′)×よ(g, g′) −→ T (A×B)(g′)

y, g
ι
↪−→ g′ 7−→

(
λ′ 7→ 1 ·

∣∣∣[(A(ι)(x), y), !
]
g′

〉)
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• A
λB .η−−−→ T (A×B)B

(−)∗−−−→ T (A×B)TB :

A(g)
(λB .η)g−−−−→ [B ×よ(g), T (A×B)]

(−)∗g−−−→ [TB ×よ(g), T (A×B)]

x 7→ ŋ
x 7→ (ϑ, g

ι
↪−→ g′)

ŋ
x∗
g′7−−→ λ′ 7→ let ϑ(λ′) =

〈−→q ∣∣ [yh, γh]g′〉h in

for each h,

let ŋ
x
h(yh, g

ι
↪−→ g′ ↪→ h)(γh t λ′) =

1 ·
∣∣∣[(A(g

ι
↪−→ g′ ↪→ h)(x), yh), !

]
h

〉
in〈−→q ∣∣∣ I︸︷︷︸

each line is a one-hot vector

∣∣∣ [(A(g
ι
↪−→ g′ ↪→ h)(x), yh), γ

h
]
g′

〉
h

•

A T (A×B)B T (A×B)TB

× × T (A×B)

1 TB

λB .η (−)∗

b

ev :

A(g)× 1(g)
(λB .η)∗g×bg−−−−−−−→ [TB ×よ(g), T (A×B)]× TB(g)

ev−→ T (A×B)(g)

x, ∗ 7→
(
ϑ, g

ι
↪−→ g′

ŋ
x∗
g′7−−→ λ′ 7→ let ϑ(λ′) =

〈−→q ∣∣ [yh, γh]g′〉h in

for each h,

let ŋ
x
h(yh, g

ι
↪−→ g′ ↪→ h)(γh t λ′) =

1 ·
∣∣∣[(A(g

ι
↪−→ g′ ↪→ h)(x), yh), !

]
h

〉
in〈−→q ∣∣∣ [(A(g

ι
↪−→ g′ ↪→ h)(x), yh), γ

h
]
g′

〉
h

)
, bg(∗)

7→ λ
ŋ
x∗
g(bg(∗), idg)
7−−−−−−−−→ let bg(∗)(λ) =

〈−→q ∣∣ [yh, γh]g′〉h in

for each h, let ŋ
x
h(yh, g ↪→ h)(γh t λ) =

1 ·
∣∣[(A(g ↪→ h)(x), yh), !

]
h

〉
in〈−→q ∣∣∣ [(A(g ↪→ h)(x), yh), γ

h
]
g

〉
h
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• 1
λA.

((
(λB .η)∗×b

)
; ev

)
−−−−−−−−−−−−−−→ T (A×B)A:

1(g) −→ T (A×B)A(g)

∗ 7−→ ϕg′ :



A(g′)×よ(g)(g′) −→ T (A×B(g′)

x, _ 7−→ λ
ŋ
x∗
g7−−→ let bg(∗)(λ) =

〈−→q ∣∣ [yh, γh]g〉h in

for each h, let ŋ
x
h(yh, g ↪→ h)(γh t λ) =

1 ·
∣∣[(A(g ↪→ h)(x), yh), !

]
h

〉
in〈−→q ∣∣∣ [(A(g ↪→ h)(x), yh), γ

h
]
g

〉
h

• 1
λA.

((
(λB .η)∗×b

)
; ev

)
−−−−−−−−−−−−−−→ T (A×B)A

(−)∗−−−→ T (A×B)TA:

1(g)

λA.

((
(λB .η)∗×b

)
; ev

)
g−−−−−−−−−−−−−−→ T (A×B)A(g)

(−)∗g−−−→ T (A×B)TA(g)

∗ 7→ ϕ 7→ (ϑ, g
ι
↪−→ g′)

ϕ∗
g′7−−→ λ′ 7→ let ϑ(λ′) =

〈−→p ∣∣ [xh, λh]g′〉h in

for each h,

let ϕh(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) =〈−→qh ∣∣∣ [(A(h ↪→ h′)(xh), γ

h′
]
h

〉
h′

in〈−→p ∣∣∣Q ∣∣∣ [(A(h ↪→ h′)(xh), yh′), γ
h′ t λh

]
g′

〉
h′
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•

1 T (A×B)A T (A×B)TA

× × T (A×B)

1 TA

λA.

((
(λB .η)∗×b

)
; ev

)
(−)∗

a

ev :

(1× 1)(g)

(
λA.
((

(λB .η)∗×b
)

; ev

)
g

; (−)∗g

)
× ag

−−−−−−−−−−−−−−−−−−−−−−→ T (A×B)A(g)× TA(g)
evg−−→ T (A×B)(g)

∗, ∗ 7→
(
ϑ, ι

ϕ∗
g′7−−→ λ′ 7→ let ϑ(λ′) =

〈−→p ∣∣ [xh, λh]g′〉h in

for each h,

let ϕh(xh, g
ι
↪−→ g′ ↪→ h)(λh t λ′) =〈−→qh ∣∣∣ [(A(h ↪→ h′)(xh), γ

h′
]
h

〉
h′

in〈−→p ∣∣∣Q ∣∣∣ [(A(h ↪→ h′)(xh), yh′), γ
h′ t λh

]
g′

〉
h′

)
, ag(∗)

7→ λ
ϕ∗g(ag(∗), idg)
7−−−−−−−→ let ag(∗)(λ) =

〈−→p ∣∣ [xh, λh]g〉h in

for each h,

let ϕh(xh, g ↪→ h)(λh t λ) =〈−→qh ∣∣∣ [(A(h ↪→ h′)(xh), yh′), γ
h′
]
h

〉
h′

in〈−→p ∣∣∣Q ∣∣∣ [(A(h ↪→ h′)(xh), yh′), γ
h′ t λh

]
g

〉
h′

7→ λ
ϕ∗g(ag(∗), idg)
7−−−−−−−→ let ag(∗)(λ) =

〈−→p ∣∣ [xh, λh]g〉h in

for each h,

let bh(∗)(λh t λ) =
〈−→qh ∣∣∣ [yh′ , γh′ ]h〉

h′
in

for each h′,

let ŋ
xh
h′ (yh′ , h ↪→ h′)(γh

′ t λh t λ) =

1 ·
∣∣[(A(h ↪→ h′)(xh), yh′), !

]
h′

〉
in〈−→p ∣∣∣Q ∣∣∣ [(A(h ↪→ h′)(xh), yh′), γ

h′ t λh
]
g

〉
h′

Commutativity then boils down to this last map ϕ∗g(ag(∗), idg) being equal to:
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λ
ψ∗g(bg(∗), idg)
7−−−−−−−→ let bg(∗)(λ) =

〈−→q ∣∣ [yh, γh]g〉h in

for each h,

let ah(∗)(γh t λ) =
〈−→ph ∣∣∣ [xh′ , λh′ ]h〉

h′
in

for each h′,

let ŋ
yh
h′ (xh′ , h ↪→ h′)(λh

′ t γh t λ) = 1 ·
∣∣[(xh′ , B(h ↪→ h′)(yh)), !

]
h′

〉
in〈−→q ∣∣∣P ∣∣∣ [(xh′ , B(h ↪→ h′)(yh)), λ

h′ t γh
]
g

〉
h′

And they turn out to be equal indeed: by naturality of a : 1→ TA, b : 1→ TB, we have, for

every h0 in the coslice category g/BiGrphemb:

ag(∗)(λ) :=
〈−→p ∣∣ [xh, λh]g〉h

∗

ah0(∗)(γh0 t λ) :=
〈−→ph0 ∣∣ [xh′ , λh′ ]h0〉h′ =

〈−→p ∣∣∣ [A(h ↪→ h0

∐
g h)(xh), λ

h]h0

〉
h

ag

ah0

TA(g↪→h)

and likewise for b. The equality

〈−→ph0 ∣∣ [xh′ , λh′ ]h0〉h′ =
〈−→p ∣∣∣ [A(h ↪→ h0

∐
g h)(xh), λ

h]h0

〉
h

implies that h′ and h range over the same index set.

Therefore, if bg(∗)(λ) :=
〈−→q ∣∣ [yh′ , γh′ ]g〉h′ , the map ϕ∗g(ag(∗), idg) can be written as:

λ 7→ let ag(∗)(λ) =
〈−→p ∣∣ [xh, λh]g〉h in

for each h,

let bh(∗)(λh t λ) =
〈−→q ∣∣∣ [B(h′ ↪→ h

∐
g h
′)(yh′), γ

h′ ]h

〉
h′

in

for each h′,

let ŋ
xh
h
∐
g h
′(B(h′ ↪→ h

∐
g h
′)(yh′), h ↪→ h

∐
g h
′)(γh

′ t λh t λ) =

1 ·
∣∣∣[(A(h ↪→ h

∐
g h
′)(xh), B(h′ ↪→ h

∐
g h
′)(yh′)), !

]
h′

〉
in〈−→p ∣∣∣ I⊗ 〈−→q | ∣∣∣ [(A(h ↪→ h

∐
g h
′)(xh), B(h′ ↪→ h

∐
g h
′)(yh′)), γ

h′ t λh
]
g

〉
h′

where

I⊗ 〈−→q | :=

〈
−→q |

0.
.
.0 〈−→q |


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is the Kronecker product, so that 〈−→p 〉 (I⊗ 〈−→q |) is the row vector

(
ph1 · 〈−→q | · · · phn · 〈−→q |

)
.

Similarly, if ag(∗)(λ) :=
〈−→p ∣∣ [xh, λh]g〉h, the map ψ∗g(bg(∗), idg) can be written as:

λ 7→ let bg(∗)(λ) =
〈−→q ∣∣∣ [yh′ , γh′ ]g〉

h′
in

for each h′,

let ah′(∗)(γh
′ t λ) =

〈−→p ∣∣∣ [A(h ↪→ h′
∐

g h)(xh), λ
h]h′
〉
h

in

for each h,

let ŋ
yh′
h′
∐
g h

(A(h ↪→ h′
∐

g h)(xh), h
′ ↪→ h′

∐
g h)(λh t γh′ t λ) =

1 ·
∣∣∣[(A(h ↪→ h′

∐
g h)(xh), B(h′ ↪→ h′

∐
g h)(yh′)), !

]
h

〉
in〈(

qh′1 · 〈
−→p | · · · qh′m · 〈

−→p |
) ∣∣∣ [(A(h ↪→ h′

∐
g h)(xh), B(h′ ↪→ h′

∐
g h)(yh′)), λ

h t γh
′]
g

〉
h

But the equivalence class

[
(A(h ↪→ h′

∐
g h)(xh), B(h′ ↪→ h′

∐
g h)(yh′)), λ

h t γh
′]
g

has

probabilistic weight phqh′ = qh′ph in both formal convex sums (in the �rst ket, the index

ranges of over the h′’s for each h, and in the second ket, it ranges over the h’s for each h′), which

yields the result.

2.5 A�neness

Lemma 2.13. LetX be a constant presheaf on the coslice category g/BiGrphemb, i.e. there exists a
set S0 such that

X(g
ι
↪−→ h) = S0

id−→ S0

for every g
ι
↪−→ h ∈ g/BiGrphemb. Then

T (X)(g) ∼= Pf(S0)[0,1]gL

Proof. This results from a small calculation:

T (X)(g) :=
(
Pf

∫ g↪→h
X(h)× [0, 1](h−g)L

)[0,1]gL

=
(
Pf

∫ g↪→h
S0 × [0, 1](h−g)L

)[0,1]gL

But as the functor S0 ×− is left adjoint to S0 ⇒ − in Set, it is cocontinuous, so it preserves

coends, and:
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∫ g↪→h
S0 × [0, 1](h−g)L ∼= S0 ×

∫ g↪→h
[0, 1](h−g)L︸ ︷︷ ︸

= colimg↪→h[0, 1](h−g)L

But colimg↪→h[0, 1](h−g)L ∼= {∗}. Indeed, h = g is initial in g/BiGrphemb, so it is terminal in the

essential image of [0, 1]((−)−g)L
(by precomposition), and the resulting colimit is [0, 1](g−g)L ∼=

[0, 1]∅ ∼= {∗}. Therefore,

∫ g↪→h
S0 × [0, 1](h−g)L ∼= S0 and the result follows.

Lemma2.14 (A�neness). T is a�ne, i.e.T (1) ∼= 1, where 1 is the terminal object of [BiGrphemb,Set].

Proof. By lemma 2.13, for every g ∈ BiGrphemb: T (1) ∼= Pf({∗})[0,1]gL ∼= {∗}.

2.6 Denotation of computation judgements

In our language, the denotational interpretation of values, computations (return and let binding),

and matching (elimination of bool’s and product types) is standard.

We interpret computation judgements Γ `c t : A as morphisms JΓK → T (JAK), by induction

on the structure of typing derivations. The context Γ is built of bool’s, A and F and products.

Therefore, JΓK is isomorphic to 2k × BiGrphemb(◦,−)` × BiGrphemb(•,−)m.

Remark 2.15. Note that BiGrphemb is not cocomplete (morphisms are embeddings), but seen

as a subcategory of the category Grph of graphs: BiGrphemb(◦, g)` × BiGrphemb(•, g)m ∼=
Grph(` ◦ +m•, g), and every map in the latter homset factors through an embedding g0 ↪→ g
in BiGrphemb (epi-mono factorization). However, such a bigraph g0 cannot be chosen uniformly

for all elements in BiGrphemb(◦, g)`×BiGrphemb(•, g)m (it depends on each element), so JΓK(g)
cannot be written as 2k × BiGrphemb(g0, g) for some bigraph g0 in general.

De�nition 2.16. For every bigraph g, we denote by Rg (resp. Lg) the set of bigraphs h ∈
g/BiGrphemb having one more right (resp. left) node than g, and that are the same otherwise.

Rg := { h ∈ BiGrphemb | hL = gL, gR ⊆ hR and |hR| = |gR|+ 1 }
Lg := { h ∈ BiGrphemb | hR = gR, gL ⊆ hL and |hL| = |gL|+ 1 }

Remark 2.17. Note that |Rg| = 2|gL| <∞, |Lg| = 2|gR| <∞ (all possible edges between the

new node and the opposite nodes) since g is �nite.

Proposition 2.18. A computation of type
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• A returns the label of an already existing atom or a fresh one with its connections to the
already existing functions:

T (JAK)(g) ∼= Pf(gR + 2gL)[0,1]gL

• F returns the label of an already existing function or create a new function with its connections
to already existing atoms and a �xed probabilistic bias:

T (JFK)(g) ∼= Pf(gL + 2gR × [0, 1])[0,1]gL

Proof. Let us show that, for every g ∈ BiGrphemb:∫ g↪→h
BiGrphemb(•, h)× [0, 1](h−g)L ∼= gR + 2gL∫ g↪→h
BiGrphemb(◦, h)× [0, 1](h−g)L ∼= gL + 2gR × [0, 1]

Remark 2.19. Note that we cannot straightforwardly use the co-Yoneda lemma as-is, since ◦
and • may not be in g/BiGrphemb.

Let � ∈ {◦, •}. We have

∫ g↪→h
BiGrphemb(�, h)×[0, 1](h−g)L ∼=

{
(g

ι
↪−→ h, � κ

↪−→ h, λh)
∣∣∣ g ι

↪−→ h ∈ g/BiGrphemb

}/
∼

There are two cases:

• either � κ
↪−→ h = � ι′

↪−→ g
ι
↪−→ h factors through g

ι
↪−→ h. It then follows that[

(g
ι
↪−→ h, � κ

↪−→ h, λh)
]

=
[
(g

id
↪−→ g, � ι′

↪−→ g, !)
]

• or � is mapped to a node of (h− g), so that κ factors through a graph h0 ∈ Lg (if � = ◦)
or h0 ∈ Rg (if � = •). We write � κ

↪−→ h = � ι′

↪−→ h0 ↪→ h. In this case, by denoting ι′′ the

corestriction of ι to h0, we have:

[
(g

ι
↪−→ h, � κ

↪−→ h, λh)
]

=
[(
g

ι′′

↪−→ h0, �
ι′

↪−→ h0,

{
p ∈ [0, 1]◦ ∼= [0, 1] if � = ◦
! ∈ [0, 1]∅ else if � = •

)]
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2.7 Denotation of language-speci�c constructs

Denotation of Γ `c fresh() : A

The map JfreshKg : JΓK(g) → T (JAK)(g) randomly chooses connections to each left node

according to the state of biases, and makes a fresh right node with those connections.

JfreshKg :


2k × BiGrphemb(◦, g)` × BiGrphemb(•, g)m −→ Pf(gR + 2gL)[0,1]gL

_, _, _ 7→ λ 7→
〈

1

Z

∏
¤∈gL

λ(¤)E
h(¤,ah(•))(1− λ(¤))1−Eh(¤,ah(•))

∣∣∣∣ [ •︸︷︷︸
∼= (h−g)R

ah
↪−→ h, !

]
g

〉
h∈Rg

where Z is a normalisation constant.

Remark 2.20. It is enough to consider these h’s by garbage collection of the coend.

Denotation of Γ `c λמx. u : F

As λמ-abstractions are formed based on computation judgements of the form Γ, x : A `c u : bool,
we �rst note, by lemma 2.13, that

T (JboolK)g ∼= Pf(2)[0,1]gL ∼= [0, 1][0,1]gL

Also, we can decompose the extra variable x in the environment Γ, x : A, the denotation of which

is of the form JΓ, x : AK(g) = 2k × BiGrphemb(◦, g)` × BiGrphemb(•, g)m × BiGrphemb(•, g)
for a bigraph g ∈ BiGrphemb.

Now, the extra part x is a right node, and its valuation will either be a node already in the graph

described in the rest of the environment, or a new one with particular edges to the rest of the

environment. The argument u can test (if it wants) what kind of node x is, before returning a

probability.

As a result, if

JuKg : 2k × BiGrphemb(◦, g)` × BiGrphemb(•, g)m × BiGrphemb(•, g) −→ [0, 1][0,1]gL

the denotation JuK gives us the edge probability of the left node that we need to generate, both

to the existing right nodes, and to any future right nodes (which needs to be remembered). This

can be formalized into a natural transformation Jλמx. uK : JΓK→ T (JFK).

Jλמx.uKg :


2k × BiGrphemb(◦, g)` × BiGrphemb(•, g)m −→ Pf(gL + 2gR × [0, 1])[0,1]gL

bk,
(◦ κi
↪−→ g)i,

(•
τj
↪−→ g)j

7→ λ 7→
〈

1

Z

∏
a∈gR

pE
h(¤h(◦),a)

a (1− pa)1−Eh(¤h(◦),a)

∣∣∣∣ [ ◦︸︷︷︸
∼= (h−g)L

¤h
↪−→ h, _ 7→ p̃

]
g

〉
h∈Lg
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where

• Z is a normalization constant.

• for every a ∈ gR, pa := JuKg
(
bk, (◦ κi

↪−→ g)i, (•
τj
↪−→ g)j, •

a
↪−→ g, λ

)
• p̃ := JuKg

(
bk, (◦ κi

↪−→ g
ι1
↪−→ g + •)i, (•

τj
↪−→ g

ι1
↪−→ g + •)j, •

ι2
↪−→ g + •, λ

)
where ι1, ι2 are

the coprojections.

3 Operational semantics

We now give an operational semantics to our language.

Henceforth, we �x a countable set of variables x, y, z, . . . ∈ Var, and consider the terms up to

α-equivalence for the λמ operator.

De�nition 3.1 (Partial bigraph). A partial bigraph g := (gL, gR, E) is a bipartite graph where

the edge relation E : gL × gR → {true, false,⊥} is either true, false or unde�ned (⊥) on each

pair of left and right nodes (¤, a) ∈ gL × gR.

Remark 3.2. By abuse of notation, syntactic truth values will be con�ated with semantic ones.

Notation 3.3. For a partial graph g, E(¤, a) = β ∈ {true, false,⊥} will be written ¤
β−→ a.

3.1 Extended expressions

We introduce extended expressions, which are typed computations decorated with memoization

reduction contexts {{−}}. In the following, ∆ ∈ (gL × gR)(N)
is a �nite stack of function label-

atom label pairs, indicating that we are currently computing the result of these functions at

these atoms for the �rst time.
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Γ `c u : A

Γ | ∅ `c u : A

Γ | ∆ `c u : A
(¤, a) /∈ ∆

Γ | (¤, a),∆ `c {{u}}¤,aγ : A

Γ | ∆1 `c u : A Γ, x : A | ∆2 `c t : B

Γ | ∆1,∆2 `c let val x ← u in t : B

Γ | ∆1 `c u : A Γ, x : A | ∆2 `c t : B
(¤, a) /∈ ∆1 ∪∆2

Γ | (¤, a),∆1,∆2 `c let val x ← {{u}}¤,aγ in t : B

Γ | ∆1 `c u : A Γ, x : A | ∆2 `c t : B
(¤, a) /∈ ∆1 ∪∆2

Γ | (¤, a),∆1,∆2 `c let val x ← u in {{t}}¤,aγ : B

Γ `v v : bool Γ | ∆1 `c u : A Γ | ∆2 `c t : A

Γ | ∆1,∆2 `c if v thenu else t : A

Γ `v v : bool Γ | ∆1 `c u : A Γ | ∆2 `c t : A
(¤, a) /∈ ∆1 ∪∆2

Γ | (¤, a),∆1,∆2 `c if v then {{u}}¤,aγ else t : A

Γ `v v : bool Γ | ∆1 `c u : A Γ | ∆2 `c t : A
(¤, a) /∈ ∆1 ∪∆2

Γ | (¤, a),∆1,∆2 `c if v thenu else {{t}}¤,aγ : A

Γ `v v : A×B Γ, x : A, y : B | ∆ `c t : C

Γ | ∆ `c match v as (x, y) in t : C

Γ `v v : A×B Γ, x : A, y : B | ∆ `c t : C
(¤, a) /∈ ∆

Γ | (¤, a),∆ `c match v as (x, y) in {{t}}¤,aγ : C
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3.2 Con�gurations

De�nition 3.4. If S is a �nite set, Tree(S) ∼=
∑
n≥1

Cn S
n

(where Cn is the n-th Catalan number)

denotes the set of all possible non-empty trees with internal nodes the cartesian product and

leaf nodes taken in S.

Example 3.5. If S := {s1, s2}, then s1, (s2, s1), (s1, (s1, s2)), . . . ∈ Tree(S).

De�nition 3.6 (Set-theoretic denotation of contexts for a partial bigraph). Let g be a partial

bigraph. The set-theoretic denotation L−M is de�ned as LboolM := 2 ∼= {true, false}, LFM :=
gL, LAM := gR and L−M is readily extended to every context Γ.

Moreover, in the following, γ ∈ LΓM ⊆ Tree(2 + gL + gR)Var denotes a context value.

Example 3.7.

Γ = (x : bool, y : F, z : ((F× 2)× A))

LΓM = {x 7→ 2, y 7→ gL, z 7→ ((gL × 2)× gR)

γ = {x 7→ true, y 7→ ¤0, z 7→ ((¤1, true), a0)}

Values v and Terminal computations r:

v ::= x | (v, v) | true | false

r ::= return(v) | λמx. u

Redexes:

ρ ::= let val x ← r inu | {{return(v)}}¤,aγ where ¤ ∈ gL, a ∈ gR, γ ∈ Tree(2 + gL + gR)Var

| match v as (x, y) in t | if v then t elseu

| flip() | fresh() | (v = w) | (v@w)

Reduction contexts:

C[−] ::= [−] | let val x ← C[−] inu | {{C[−]}}¤,aγ

Con�gurations:
(γ, u, g, λ)

where
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• γ ∈ Tree(2 + gL + gR)Var is a context value.

• u is an extended expression Γ | ∆ `c u : A.

• g = (gL, gR, E) is a partial graph.

• λ : gL → Closures, where Closures :=
{

(λמx. u, γ) | Γ `c λמx. u : F and γ ∈ LΓM
}

3.3 Reduction rules

Let L−Mγ be the function evaluating a value in a context value γ and Ty be the one returning

the type of such evaluations:

L−Mγ : Values→ Tree(2 + gL + gR)

LxMγ = γ(x)

LtrueMγ = true LfalseMγ = false

L(v, w)Mγ = (LvMγ, LwMγ)

Ty : Tree(2 + gL + gR) −→ Tree({bool,A,F})
Ty(true) = bool = Ty(false)

Ty(a) = A ∀a ∈ gR Ty(¤) = F ∀¤ ∈ gL

Ty((s, t)) = Ty(s)× Ty(t)

We will also make use of the function Ctxt, which associates to every context value γ its

corresponding context:

Ctxt :

{
Tree(2 + gL + gR)Var −→ Contexts

γ 7−→
(
x : Ty(γ(x))

)
x∈ supp(γ)

where supp(γ) is the support/domain of γ.
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Reduction rules:

(γ, let val x ← return(v) inu, g, λ) −→ (γ t {x 7→ LvMγ}, u, g, λ)

(γ, {{return(v)}}(¤,a)
γ′ , g, λ) −→ (γ′, return(LvMγ), (gL, gR, E ∪ {¤

LvMγ−−→ a}), λ)

(γ, let val x ← λמ y. u in t, g, λ) −→
(
γ t {x 7→ ¤}, t,

(gL t {¤}, gR, E t {f
⊥−→ a}a∈gR),

λ t {¤ 7→ (λמ y. u, γ)}
)

(γ, (v@w), g, λ) −→


(γ, return(β), g, λ) if β := E(γ(v), γ(w)) 6= ⊥
(γ0 t {y 7→ LwMγ}, {{u}}¤,aγ , g, λ) else,

where λ(γ(v)) := (λמ y. u, γ0)

(γ, v = w, g, λ) −→ (γ, return(β), g, λ) where β := (γ(v) = γ(w))

(γ, fresh(), g, λ) −→
(
γ t {x 7→ a}, return(x),

(gL, gR t {a}, gR, E t {¤
⊥−→ a}¤∈gL), λ

)

(γ, flip(), g, λ)
with proba

1
2−→ (γ, return(β), g, λ) where β ∈ {true, false}

(γ,match v as (x, y) in t, g, λ) −→ (γ t {x 7→ LvMγ, y 7→ LwMγ}, t, g, λ)

(γ, if v then t elseu) −→

{
(γ, t, g, λ) if v = true

(γ, u, g, λ) else, if v = false

(γ, e, g, λ) −→ (γ′, e′, g′, λ′)

(γ, C[e], g, λ) −→ (γ′, C[e′], g′, λ′)

Remark 3.8. These reduction rules use lexical binding.

Example 3.9.
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(a) (
{x0 7→ a0}, let val f1 ← λמx. (let val b ← (x = x0) in return(b)) in

let val f2 ← λמ y. f1@y in f2@x0,

(∅, {a0}, ∅), ∅
)

−→2
( := γ0︷ ︸︸ ︷
{x0 7→ a0, f1 7→ ¤1, f2 7→ ¤2}, f2@x0, ({¤1, ¤2}, {a0}, {¤1

⊥−→ a0, ¤2
⊥−→ a0}),

{
¤1 7→ (λמx. (let val b ← (x = x0) in return(b)), {x0 7→ a0}),

¤2 7→ (λמ y. f1@y, {x0 7→ a0, f1 7→ ¤1})
})

−→
( := γ1︷ ︸︸ ︷
{x0 7→ a0, f1 7→ ¤1, y 7→ a0}, {{f1@y}}¤2,a0γ0

,

({¤1, ¤2}, {a0}, {¤1
⊥−→ a0, ¤2

⊥−→ a0}),{
¤1 7→ (λמx. (let val b ← (x = x0) in return(b)), {x0 7→ a0}),

¤2 7→ (λמ y. f1@y, {x0 7→ a0, f1 7→ ¤1})
})

−→
(
{x0 7→ a0, x 7→ a0},

{{
{{let val b ← (x = x0) in return(b)}}¤1,a0γ1

}}¤2,a0

γ0
,

({¤1, ¤2}, {a0}, {¤1
⊥−→ a0, ¤2

⊥−→ a0}),{
¤1 7→ (λמx. let val b ← (x = x0) in return(b), {x0 7→ a0}),

¤2 7→ (λמ y. f1@y, {x0 7→ a0, f1 7→ ¤1})
})

−→2
(
{x0 7→ a0, x 7→ a0, b 7→ true},

{{
{{return(b)}}¤1,a0γ1

}}¤2,a0

γ0
,

({¤1, ¤2}, {a0}, {¤1
⊥−→ a0, ¤2

⊥−→ a0}),{
¤1 7→ (λמx. let val b ← (x = x0) in return(b), {x0 7→ a0}),

¤2 7→ (λמ y. f1@y, {x0 7→ a0, f1 7→ ¤1})
})

−→2
( := γ0︷ ︸︸ ︷
{x0 7→ a0, f1 7→ ¤1, f2 7→ ¤2}, return(true),

({¤1, ¤2}, {a0}, {¤1
true−−→ a0, ¤2

true−−→ a0}),{
¤1 7→ (λמx. let val b ← (x = x0) in return(b), {x0 7→ a0}),
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¤2 7→ (λמ y. f1@y, {x0 7→ a0, f1 7→ ¤1})
})

(b) (
{x0 7→ a0},

let val f1 ← λמx. return(false) in

let val f2 ← λמ y.
(
let val b ← f1@y in return(true)

)
in f2@x0

(∅, {a0}, ∅), ∅
)

−→2
(
{x0 7→ a0, f1 7→ ¤1, f2 7→ ¤2}︸ ︷︷ ︸

:= γ0

, f2@x0, ({¤1, ¤2}, {a0}, {¤1
⊥−→ a0, ¤2

⊥−→ a0}),

{
¤1 7→ (λמx. return(false), {x0 7→ a0}),

¤2 7→ (λמ y. let val b ← f1@y in return(true), {x0 7→ a0, f1 7→ ¤1})
})

−→
(
{x0 7→ a0, f1 7→ ¤1, y 7→ a0}︸ ︷︷ ︸

:= γ1

, {{let val b ← f1@y in return(true)}}¤2,a0γ0
,

({¤1, ¤2}, {a0}, {¤1
⊥−→ a0, ¤2

⊥−→ a0}),{
¤1 7→ (λמx. return(false), {x0 7→ a0}),

¤2 7→ (λמ y. let val b ← f1@y in return(true), {x0 7→ a0, f1 7→ ¤1})
})

−→
(
{x0 7→ a0, x 7→ a0},

{{
let val b ← {{return(false)}}¤1,a0γ1

in return(true)
}}¤2,a0

γ0
,

({¤1, ¤2}, {a0}, {¤1
⊥−→ a0, ¤2

⊥−→ a0}),{
¤1 7→ (λמx. return(false), {x0 7→ a0}),

¤2 7→ (λמ y. let val b ← f1@y in return(true), {x0 7→ a0, f1 7→ ¤1})
})

−→
(
{x0 7→ a0, f1 7→ ¤1, y 7→ a0}, {{let val b ← return(false) in return(true)}}¤2,a0γ0

,

({¤1, ¤2}, {a0}, {¤1
false−−→ a0, ¤2

⊥−→ a0}),{
¤1 7→ (λמx. return(false), {x0 7→ a0}),

¤2 7→ (λמ y. let val b ← f1@y in return(true), {x0 7→ a0, f1 7→ ¤1})
})

−→
(
{x0 7→ a0, f1 7→ ¤1, y 7→ a0, b 7→ false}, {{return(true)}}¤2,a0γ0

,
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({¤1, ¤2}, {a0}, {¤1
false−−→ a0, ¤2

⊥−→ a0}),{
¤1 7→ (λמx. return(false), {x0 7→ a0}),

¤2 7→ (λמ y. let val b ← f1@y in return(true), {x0 7→ a0, f1 7→ ¤1})
})

−→
(
{x0 7→ a0, f1 7→ ¤1, f2 7→ ¤2}, return(true),

({¤1, ¤2}, {a0}, {¤1
false−−→ a0, ¤2

true−−→ a0}),{
¤1 7→ (λמx. return(false), {x0 7→ a0}),

¤2 7→ (λמ y. let val b ← f1@y in return(true), {x0 7→ a0, f1 7→ ¤1})
})

(c) The following example illustrates the e�ect of lexical binding:(
∅, let val x1 ← fresh() in

let val x2 ← return(x1) in

let val f ← λמ y. (y = x1) in

let val x1 ← fresh() in f@x2

(∅, {a0}, ∅), ∅
)

−→∗
(
{x′1 7→ a′1, x1 7→ a′1, x2 7→ a′1, y 7→ a′1}, {{return(true)}}¤,a

′
1

γ0
,

({¤}, {a′1, a′′1}, {¤
⊥−→ a′1, ¤

⊥−→ a′′1}),{
¤ 7→ (λמ y. (y = x1), {x′1 7→ a′1, x1 7→ a′1, x2 7→ a′1})

})
where γ0 := {x′1 7→ a′1, x2 7→ a′1, f 7→ ¤, x′′1 7→ a′′1, x1 7→ a′′1}

−→
(
γ0, return(true), ({¤}, {a′1, a′′1}, {¤

true−−→ a′1, ¤
⊥−→ a′′1}),{

¤ 7→ (λמ y. (y = x1), {x′1 7→ a′1, x1 7→ a′1, x2 7→ a′1})
})

In comparison, the end result would be return(true) with dynamic binding.

(d) The importance of restoring the environment after a function’s value is memoized is high-
lighted by the following program:

let val x0 ← fresh() in let val x1 ← return(x0) in

let val f1 ← λמ y1. (y1 = x0) in
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let val x0 ← fresh() in

let val f2 ← λמ y2.
(
let val z0 ← f1@y2 in (x0 = x1)

)
in

let val z1 ← f1@x1 in f2@x1

Indeed, whether the let binding z1 be present or not should not a�ect the overall result:
return(false). But if we omit restoring the environment after memoization: the result is
return(false) in case f1@x1 is executed before f2@x1 (due to f1@x1 being already memoized
inside the body of f2), whereas it is return(true) otherwise.

Initial con�gurations:
(γ, e, ∅, ∅)

One can associate a typing judgement (called con�guration judgment) J(γ, e, ∅, ∅) := Γ | ∅ `c e :
A to such a con�guration, which is derivable and such that γ ∈ LΓM.

Lemma 3.10 (Con�guration Judgement). If the con�guration (γ, e, g, λ) is accessible – i.e. there
exists an initial con�guration (γ0, e0, ∅, ∅) and a reduction trace s = (γ0, e0, ∅, ∅) −→∗ (γ, e, g, λ)
with probability > 0 – then there exists a corresponding con�guration judgement J(γ, e, g, λ) :=
Γ | ∆ `c e : A (where γ ∈ LΓM) such that:

1. J(γ, e, g, λ) is derivable

2. There is no duplicate in ∆

3. For all ¤
β−→ a in g (where β ∈ {true, false}), there exist g0, λ0, γ

′, g′, λ′ and a reduction
subtrace of s:

(γ0 t {y 7→ a}, {{u}}¤,aγ′ , g0, λ0) −→∗ (γ′, return(β), g′, λ′)

with probability > 0, where λ(γ(v)) := (λמ y. u, γ0)

4. If e = {{u′}}¤,aγ′ , there exist g0, λ0 and a reduction subtrace of s:

(γ0 t {y 7→ a}, {{u}}¤,aγ′ , g0, λ0) −→∗ (γ, e, g, λ)

with probability > 0, where λ(¤) := (λמ y. u, γ0)

Proof. By induction on the length of the derivation. The base case is clear.

• If J(γ, let val x ← return(v) inu, g, λ) := Γ | ∆ `c let val x ← return(v) inu : A:

Let J(γ t {x 7→ LvMγ}, u, g, λ) := Γ, x : Ty(LvMγ) | ∆ `c u : A where, by induction
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– we can either derive

.

.

.

Γ `v v : Ty(LvMγ)

Γ `c return(v) : Ty(LvMγ)

Γ | ∅ `c return(v) : Ty(LvMγ)

.

.

.

Γ, x : Ty(LvMγ) | ∆2 `c u : A

Γ | ∅,∆2︸ ︷︷ ︸
= ∆

`c let val x ← return(v) inu : A

– or

.

.

.

Γ `v v : Ty(LvMγ)

Γ `c return(v) : Ty(LvMγ)

Γ | ∅ `c return(v) : Ty(LvMγ)

.

.

.

Γ, x : Ty(LvMγ) | ∆2 `c t : A
(¤, a) /∈ ∆2

Γ | (¤, a),∆2︸ ︷︷ ︸
= ∆

`c let val x ← return(v) in {{t}}¤,aγ : A

from which we can deduce

.

.

.

Γ, x : Ty(LvMγ) | ∆2 `c t : A
(¤, a) /∈ ∆2

Γ, x : Ty(LvMγ) | (¤, a),∆2 `c {{t}}¤,aγ︸ ︷︷ ︸
=u

: A

In both cases, J(γ t {x 7→ LvMγ}, u, g, λ) is derivable, and, by induction hypothesis,

∆ has no duplicates and the last two conditions are clearly satis�ed.

• If J(γ, {{return(v)}}¤,aγ′ , g, λ) := Γ | ∆ `c {{return(v)}}¤,aγ′ : bool:

Let J(γ′, return(v), (gL, gR, E∪{¤
v−→ a}), λ) := Ctxt(γ′)︸ ︷︷ ︸

:= Γ′

| ∆\{(¤, a)}︸ ︷︷ ︸
:= ∆′

`c return(v) : bool

where:

Γ `v v : bool

Γ `c return(v) : bool
so ∆′ = ∅

Γ | ∆′ `c return(v) : bool
(¤, a) /∈ ∆′

Γ | (¤, a),∆′︸ ︷︷ ︸
= ∆

`c {{return(v)}}¤,aγ′ : bool

from which it follows, since v is either true, false, or a variable in the context Γ′:
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Γ′ `v v : bool

Γ′ `c return(v) : bool

Γ′ | ∅︸︷︷︸
= ∆

`c return(v) : bool

Moreover, by induction hypothesis, as e = {{return(v)}}¤,aγ′ , there exist g0, λ0 and a reduc-

tion subtrace of s:

(γ0 t {y 7→ a}, {{u}}¤,aγ′ , g0, λ0) −→∗ (γ, e, g, λ)

with probability > 0, where λ(¤) := (λמ y. u, γ0)

This yields the desired result.

• If J(γ, let val x ← λמ y. u in t, g, λ) := Γ | ∆ `c let val x ← λמ y. u in t : A:

Let

J
(
γ t {x 7→ ¤}, t, (gL t {¤}, gR, E t {f

⊥−→ a}a∈gR), λ t {¤ 7→ (λמ y. u, γ)}
)

:= Γ, x : F | ∆ `c t : A

where we have:

– either

.

.

.

Γ | ∅ `c λמ y. u : F Γ, x : F | ∆ `c t : A

Γ | ∅,∆ `c let val x ← λמ y. u in t : A
– or

.

.

.

Γ | ∅ `c λמ y. u : F

.

.

.

Γ, x : F | ∆2 `c t′ : A
(¤, a) /∈ ∆2

Γ | (¤, a), ∅,∆2 `c let val x ← λמ y. u in {{t′}}¤,aγ : A

from which we get

.

.

.

Γ, x : F | ∆2 `c t′ : A

Γ, x : F | (¤, a),∆2︸ ︷︷ ︸
= ∆

`c {{t′}}¤,aγ︸ ︷︷ ︸
= t

: A

This yields the desired result.
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• If J(γ, (v@w), g, λ) := Γ | ∆ `c (v@w) : bool:

By induction, we have:

.

.

.

Γ `v v : F

.

.

.

Γ `v w : A
Γ `c (v@w) : bool

Γ | ∅︸︷︷︸
= ∆

`c (v@w) : bool

– if β := E(

:= ¤︷︸︸︷
γ(v),

:= a︷︸︸︷
γ(w)) ∈ {true, false}:

By induction, there exist g0, λ0, γ
′, g′, λ′ and a reduction subtrace of s:

(γ0 t {y 7→ a}, {{u}}¤,aγ′ , g0, λ0) −→∗ (γ′, return(β), g′, λ′)

with probability > 0, where λ(γ(v)) := (λמ y. u, γ0)

Let J(γ, return(β), g, λ) := Γ | ∆ `c return(β) : bool

– else: Let

J(γ0 t {y 7→ LwMγ}, {{u}}¤,aγ , g, λ) := Ctxt(γ0), y : A︸︷︷︸
= Ty(LwMγ)

| (¤, a),∆ `c {{u}}¤,aγ : bool

where λ(γ(v)) := (λמ y. u, γ0). And it can be easily shown that the result follows.

The rest of the proof is omitted.

4 Soundness

We will now state the soundness property without proof (ongoing work).

De�nition 4.1 (Presheaf associated to a partial bigraph). To every partial bigraph g = (gL, gR, E
g),

we associate a covariant presheaf Pg : BiGrphemb → Set given by:

Pg(g) :=
{

(¤′1, . . . , ¤
′
|gL|, a

′
1, . . . , a

′
|gR|) | ∀i, j. ¤

′
i ∈ gL, a′j ∈ gR

and ∀i, j. Eg(¤i, aj) 6= ⊥ ⇒ Eg(¤′i, a
′
j) = Eg(¤i, aj)

}
where gL := { ¤1, . . . , ¤|gL| } and gR := { a1, . . . , a|gR| }
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The denotational semantics can be extended expressions and con�gurations.

Let (γ, e, g, λ) be a con�guration such that J(γ, e, g, λ) = Γ | ∆ `c e : A.

The interpretation of e given the partial bigraph g yields a morphism:

J(e, g)K : 2k × Pg −→ T (JAK)

where k is the number of boolean variables in Γ.

As a result,

J(e, g)Kg : 2k × Pg(g) −→ T (JAK)(g)︸ ︷︷ ︸
= [0,1]gL→Pf

∫ g↪→hA(h)×[0,1](h−g)L

and

J(e, g)Kg
(
JγKgg, JλK

g
g

)
: Pf

∫ g↪→h
A(h)× [0, 1](h−g)L

where

• JγKgg ∈ 2k × Pg(g) is comprised of the boolean values speci�ed by γ, and the nodes of g
laid out according to g.

• JλKgg ∈ [0, 1]gL is the state of biases obtained from λ by as follows: every left node ¤ of g
that is associated to a node of g (written ¤ as well) via JγKgg is mapped to the probability

corresponding to the codomain of the (recursively de�ned) denotation of

J(u, g\{¤}+ •)Kg\{¤}+•
(
Jγ0 t {y 7→ •}Kg\{¤}+•g\{¤}+•, Jλ\{¤}K

g\{¤}+•
g\{¤}+•

)
Theorem 4.2 (Soundness). If

(γ, e, g, λ) −→ (γ′, e′, g′, λ′)

then
J(e, g)Kg

(
JγKgg, JλK

g
g

)
= J(e′, g′)Kg

(
Jγ′Kg

′

g , Jλ
′Kg
′

g

)
naturally in g ∈ BiGrphemb
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