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Overview

Research problem

In this report, we exhibit a lattice-theoretic model of linear logic (LL) comprised of what we call “ideal
distributors”. These ideal distributors stem from the consideration of Fiore and Joyal’s cartesian closed
bicategory of cartesian categories and cartesian distributors [FJ15]. Specifically, the differences are
twofold (for reasons spelled out in section 1.3):

1. We restrict from cartesian categories to meet-semilattices.
2. We refine the presheaf construction (corresponding to downset completion in the posetal setting)
to the ideal completion construction, which arises from an orthogonal subcategory construction.

The natural tensor product in the category of meet-semilattices is the one that classifies bihomo-
morphisms preserving cartesian structure. This adds a new layer of complexity to the development,
because it differs from the traditional tensor of 7 -categories used in presheaf constructions (underlying
profunctorial models of LL, for example), which is merely pointwise.

From a computational point of view, this model is based on tokens of information forming a partial
order that moreover has a meet-semilattice structure, allowing us to compute the maximum amount of
information contained in any two pieces of information.

The question we tackle is whether we have a compact closed structure in this more sophisticated
context, as it is known to be the case for ¥ -profunctors, where ¥ is posetal. We prove that we do, and
that we additionally have a full model of LL.

Contributions

* We show that the monad Z: MDLat — MDLat of ideals (non-empty directed downsets) on
the category of bounded distributive lattices and meet-preserving maps is strong commutative
for the tensor product classifying meet-preserving maps (that we restrict from the category of
meet-semilattices to MDLat thanks to a theorem of Fraser [Fra76, Theorem 2.6]).

¢ The previous fact enables us to endow the Kleisli category ZDLat := K/((Z) with a symmetric
monoidal structure, and we go on to show that it is additionally compact closed (modeling the
multiplicative fragment of classical LL in a degenerate way). This is the main technical result of
this report, as the co/units of the compact closed structure are not the ones one might expect at
first glance (generalising the compact closedness of Rel, or quantale-enriched profunctors), which
is due to the fact that the tensor product at hand is not the traditional tensor of ¥ -categories.

* Finally, we show that ZDLat constitutes a full model of classical LL, since it has biproducts (to
model the additives) and free commutative monoids can be constructed explicitly in ZDLat (to
model the exponentials). We additionally give a simplified expression of the dualisation operation
arising from its compact closed structure.
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1. Introduction

Profunctorial models of Linear Logic

Linear logic [Gir87] (LL) has strong links with denotational semantics and domain theory. In [See89],
Seely showed that Barr’s x-autonomous categories [Bar79] provide models of its classical multiplicative
fragment. These are symmetric monoidal closed (SMC) categories (%, ®, —) equipped with a dualising
object L € €, in the sense that currying the canonical map A® (A — 1) % (A — L) ® A =5 1 yields
an isomorphism A = ((A — 1) — L) for all A € ¥; linear negation is then given by (internally)
homing into . A prototypical example of such x-autonomous structure is given by the category
SupLat of suplattices (posets having all joins) [Bar91] and join-preserving maps — which are precisely
left adjoints, by Freyd’s adjoint theorem [FS90]. The tensor ® represents maps preserving all joins
componentwise (with the poset ¥ of truth values as unit), the internal hom is the lattice of join-
preserving maps with pointwise order, and the dualisation operation (—)* = (—)° yields the opposite
poset on objects and the left adjoint of the opposite map on morphisms.

Noteworthily, SupLat is simultaneously monadic over Set and over the category Pos of posets and
monotone maps. Indeed, it can be seen as the the category of algebras

* Set” of the powerset monad P, the Kleisli category Set, of which is equivalent to the category
Rel of sets and relations, one of the simplest — yet fundamental — quantitative models of LL.

¢ Pos? of the monad of downward closed subsets (downsets) D, the Kleisli category Posp, of which
is equivalent to the category RelPos of posets and relational profunctors, that is, downward
closed subsets R C A° x B. This category plays an central role in Nygaard and Winskel’s
domain-theoretic approach to concurrency [NW; Win98].
Incidently, it is also equivalent to the category of prime algebraic complete lattices and join-
preserving maps (every prime algebraic complete lattice is isomorphic to the lattice of downsets of
its complete primes) [Win09]. As such, RelPos is also sometimes denoted ScottL and constitutes
another important model of LL, as it underlies the qualitative Scott model of prime algebraic
lattices and Scott-continuous functions [Hut94; Win98].

Both of these full subcategories of SupLat ~ Set” ~ Pos? inherit its LL structure, which ad-
ditionally becomes degenerate: they are compact closed categories (i.e. x-autonomous categories
where the tensor ® and its De Morgan dual, the ‘par’ %, coincide) of order-enriched profunctors. Re-
call that, given a Bénabou cosmos (¥, ®) (a bicomplete SMC category), the bicategory »—Prof of
¥ -enriched profunctor is given by ¥ '-categories (0-cells), ¥'-functors 2°? @ € — ¥ (1-cells € —— 2)
and 7 -enriched natural transformations (2-cells). Moreover, the “traditional” ¥'-categorical tensor
product — defined on ¥ '-categories %, Z by the category ¥ ® 2 (by abuse of notation) whose objects
are pairs of objects and morphisms (C1, D;) — (Ca, D2) are given by Hom¢ (C,C2) ® Homgy (D1, D3) —
endows 7 —Prof with a symmetric monoidal structure. For a general Bénabou cosmos, the bicategorical

structure of ¥—Prof stems from the composition % AN 9 <, & being defined by the coend formula
GoF = fDE@ F(D,-)® G(—, D), hence only up to isomorphism. As a result, in general, 7 —Prof fails
to be compact closed (in the traditional 1-categorical sense, not the bicategorical one [Stal6]) < only
because it fails to be an honest category with associative composition >, as Kelly and Laplaza put
it in [KL80]. But when enriching over a posetal Bénabou cosmos! Q, also known as quantale, the
bicategorical structure collapses and we get a genuine compact closed 1-category, which is equivalent to
the Kleisli category of the free Q-enriched cocompletion monad.

Now, RelPos is a special case of ¥—Prof where ¥ := ¥ = 1 — T (the interval category), and
the linear logic tensor is the corresponding traditional tensor of X-categories. Restricting YX—Prof
to discrete small categories (i.e. sets) leads to the subcategory Rel, which inherits the LL structure.
Various categorification of these LL models have been studied in the Set-enriched setting.

lequivalently: a monoid in SupLat
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Example 1.1
® Categorification of the relational model: Fiore, Gambino, Hyland and Winskel’s
generalised species of structures [Fio+08] is a bicategorical LL model of Set-enriched profunctors
generalising Joyal’s combinatorial species of structures [Joy81], where the exponential is given
by free symmetric monoidal completion.
® Categorification of the Scott model:

- In [CWO05], Cattani and Winskel endowed the bicategory of Set-enriched profunctors with
the free finite colimit completion exponential modality, yielding a model of linear logic
drawing upon the Scott model, where directed joins are categorified as filtered colimits, and
Scott-continuous functions as finitary functors.

— Recently, Galal [Gal20] offered another take on generalising the Scott model, with the
free finite coproduct completion exponential modality: directed joins are categorified as
sifted colimits, and Scott-continuity by strongly finitary functors. Her C-species are the
subcartesian closed bicategory of Fiore and Joyal’s cartesian closed bicategory of cartesian
distributors restricted to the free objects [FJ15].

Enriching profunctors over an arbitrary quantale has also proved fruitful in the context of resource
theory, as shown by Marsden and Zwart [MZ18], and in Censi’s theory of co-design [Cen16; FS19].

Ideal completion

From a computational point of view, in Rel, tokens (elements) have no structure. Now, suppose
that we add extra structure given by meets (we can compute the maximum amount of information
contained in two pieces of information), in a similar fashion to Pratt’s state spaces [Pra], and we
require that this structure be preserved by morphisms. Instead of considering presheaves (as in all the
previous examples), corresponding to all monotone maps A°® — ¥ in the Y-enriched setting, this new
requirement singles out finite meet preserving maps A°® — Y. And provided that A has finite meets and
joins, these are in one-to-one correspondence with the set Z(A) of order-theoretic ideals (non-empty
directed downsets) in A.

We draw attention to the fact that there is a clash of terminology when it comes to the very definition of an
ideal’ in a preorder. In concurrency theory a la Winskel (and various other sources, such as Pratt’s event
spaces paper [Pra]), downsets are called ‘ideals’, so that X-enriched profunctors can be seen as monotone
maps into a poset of ideals. In the present report however, ‘ideal’ will always be meant in the order-theoretic
sense, i.e. non-empty directed downset.

3

Ideals play a key role in domain theory [AGM92; Gie03], since ideal completion is a universal way
to generate domains.

Example 1.2 In the early days of domain theory, Scott used the cartesian closed category of continuous
lattices (complete lattices where directed joins commute with arbitrary meets) and Scott-continuous
functions to provide models of the untyped A-calculus. The free continuous lattice on a poset can be
obtained by free meet completion (which amounts to taking arbitrary upsets with reverse inclusion)
followed by ideal completion.

From a domain-theoretic standpoint, ideal completion amounts to freely adding directed joins, which
can be interpreted as freely adding elements amalgamating the information of each directed subset,
seen as a set of partial computation results (or pieces of information) that are pairwise compatible.

As such, every Scott domain (bounded-complete algebraic pointed dcpo) is the ideal completion
of its compact elements [Sco82], and the category of Scott domains and linear maps forms a model
of intuitionistic LL (the exponential being obtained as an ideal completion). The resulting co-Kleisli
category is the traditional category of Scott domains and Scott continuous maps, which is of paramount
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importance in denotational semantics.

In the same way as Y-enriched profunctors (also called distributors) correspond to monotone
maps ¢ — [Z°P, 3], meet-preserving maps ¢ — Z(Z) correspond to what we will refer to as ideal
distributors. Note that the tensor we are then considering is not the traditional tensor of ¥ -categories
(for ¥ := X)), but the tensor representing bihomomorphisms, i.e. monotone maps that preserve finite
meets componentwise. As a consequence, the classical results about @Q-enriched profunctors (for () a
quantale) do not easily carry over, especially compact closedness.

Orthogonal construction

In this expository section, we motivate the technical assumptions that will be made in the subsequent
sections. For more details, we refer the reader to [Bor94; Bor08; Kel], and [Fi0o96, Subsection 11.2].

Let C be a small category, and consider its embedding C — C into its free cocompletion: the category
obtained from C by freely adding all small colimits. In general, this embedding does not preserve
colimits that exist in C. Indeed, let A := colim; D; € C be the colimit of a diagram D: I — C. If
we regard C as a subcategory of C, A is sent to itself by the embedding in C, whereas the colimit of
D:1—C < Cisthe formal colimit (freely added by free cocompletion) “colim;” D; € C. And while
Homg (B, “colim; " D;) = colim; Home (B, D;) for every B € C by definition, this does not necessarily
hold for the original colimit A = colim; D;. Otherwise, we would have, for B := A € C: {x} =
Homg (A, colim; D;) = colim; Homg (colim; Dj, D;) = colim; lim; Homc (Dj, D;), which is clearly not true
in general

Sometimes, this non-preservation is problematic at several levels, since the non-trivial information
carried by existing colimits in C may be lost when trading them for “syntactical” colimits. A typical
example thereof is space gluing, in an appropriate category of spaces C: Grothendieck’s approach
resorting to sheaves precisely addresses? this issue [Bor08; Dug; MM92]. As a matter of fact, preserving
a certain class of existing colimits in C can be seen as a refinement of free cocompletion that respects the
structure of C to some extent, rather than blithely adding to C all formal colimits, thereby “overwriting”
the said structure in C.

Let ® be a class of (small) cocones in C. Suppose that these cocones are
colimiting in C (we will say that C has ®-colimits): it is well known that the
Yoneda embedding yc(—) := Homc (=,-): C — C from C to the category
C := [C°P, Set] of presheaves on C exhibits C as the free cocompletion of C. \
By continuity of the Hom functor, yc preserves small limits, but does not preservmg /
preserve colimits in general, as argued before. A natural question arises then:
how to find a free full subcategory C — C such that the corestriction of the
Yoneda embedding to C preserves ®-colimits?

The answer, that may seem tautological at first glance, is to require that C be the full subcategory
O(C, ®) of all those presheaves that “believe” that all the ®-cocones are indeed colimiting ones in C.
Formally, this is encapsulated in the definition of orthogonal objects:

P-colimits

Definition 1.1 An object B € ¥ in a category % is orthogonal to a cocone v: D —— C'in %, denoted
~ L B, iff every cocone D —— B factors uniquely through ~. If @ is a class of small cocones in %, let
O(%,P) C ¥ denote the full subcategory spanned by the objects orthogonal to every cocone in ®.

Example 1.8 This notion directly extends that of orthogonality to maps in %, a typical example thereof
being given by sheaves, as alluded before. The category Sh(C) — C of sheaves on a small site (C,J)
is the full subcategory of presheaves that are orthogonal to every covering sieve S — yc(U) [nLab].
Indeed, for every F € C, Homg (S, F) is the equaliser of [ [, F(U;) = [, ; F'(U; xu Uj), so that the fact
that every map S — F factors through yc(U) — F (corresponding to an element of F( ) by the Yoneda

%in the sheaf-theoretic approach, this deficiency is what underlies the specificities of sieves.
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lemma) is tantamount to the locality and gluing sheaf properties.

If all cocones in ® are colimiting, (9(6, ®) turns out to be the free cocompletion of C that respects
®-colimits, in the sense that:

— Free cocompletion respecting ®-colimits [Fio96; Kell. If ¢ is a class of colimiting
(small) cocones in a small category C,

J (’)(6, ®) is cocomplete and the Yoneda embedding corestricts to a $-cocontinuous (i.e. P-colimit
preserving) embedding C — (’)(6, D)

¢ such that every ®-cocontinuous functor C — & into a cocomplete category 2 factors uniquely
through C — 0(6, ®) via a ®-cocontinuous functor O(C, ) — 2.

As it happens, the functors (’)(C (I)) — 9 are precisely those which have a left-adjoint, exhibiting
O(C ®) as a reflective subcategory of C. And the orthogonal subcategory problem (asking when is
(’)(C ®) a reflective subcategory) is known to be tighly linked to the continuous functor problem (asking
when is the category of functor preserving limits of certain shapes reflective) [FK72], which shows
through the following proposition [Fi096, Proposition 11.4]:

Proposition 1.1 If ¢ is a class of (small) cocones in a small category C and > = {ycvy | v € @},
O(C,®) — C is the full subcategory spanned by the presheaves P such that for every v € ®, Py is
limiting in Set.

The special case that will be of particular interest to us is when the category C € ¥ has finite
coproducts and is an object of an ambient bicategory .# acting as a higher-categorical model of
LL or domains. Let @, be the class of finite coproduct cocones. In this case, by Proposition 1.1,
C = (’)(6, ) is the category FProd (C°P, Set) of finite product preserving presheaves, leading to the

following situation:
c yc

yc
preserving
finite

FProd (C°P, Set)

Now, by Day’s reflection theorem [Day72], every reflective subcategory %7 of a symmetric monoidal
closed category (¢, ®) inherits its monoidal closed structure provided that % is an exponential ideal,
i.e. for every A € € and C € %, [C, A] € €. And in our particular case, where (¢ := C, ) is cartesian
closed, this results in a full sub-cartesian-closed-category of C.
To ensure that C is an exponential ideal, a sufficient condition is that C be a distributive category
(proof in appendix):

Proposition — B.1 Suppose C is a distributive category, i.e. has finite products x and coproducts
+ such that for every 4, B, C € C, the canonical morphism A x B+ A x C — A x (B + C) is invertible.
Then FProd (C°P, Set) is an exponential ideal of C.

Distributive categories are not self dual, implying that the ambient category .# is not closed under
the dualisation operation (—)°", as desired, if it were to be a category of distributive categories. This
leads us to restrict from categories to preorders (and even posets, for convenience), assuming that our
categories are Y-enriched rather than Set-enriched, where ¥ := | — T is the interval category.

In this setting, C will be a bounded distributive lattice, C := [C°P, ¥)] the lattice of downsets of C,
and FProd (C°, X)) the lattice of (finite) meet preserving maps from C to 3, which are in one-to-one
correspondence with order-theoretic ideals — non-empty down-closed and directed subsets — by
considering the preimage of T € X. This ideal completion Z(C) of C amounts to freely adding all (small)
directed colimits [JJ82], and hence all filtered colimits (also known as Ind-completion) [AR94].



2. Ideal Distributors

Categories of posets

We introduce a handful of categories that we will use throughout this report.

Definition 2.1

* MGSLat is the category of bounded meet semilattices (posets with finite meets A and a
greatest element T) and monotone functions that preserve finite meets,

* MDLat —» MSLat is its full subcategory consisting of the bounded distributive lattices
(posets with finite meets and finite joins that distribute over each other, having a least (resp.
greatest) element L (resp. T)) with meet-preserving maps,

* DLat — MSLat is the subcategory of bounded distributive lattices and lattice (meet- and
join-preserving) morphisms.

* Frm — Frm' are, respectively, the category of frames (posets with finite meets and all joins
with the former distributing over the latter) and monotone functions that preserve finite meets
and all (resp. directed) joins.

Monad of order-theoretic ideals

The previously mentioned ideal monad that will be central in our investigation arises from the free-
forgetful adjunction between Frm' and MDLat:

Proposition 2.1 The forgetful functor Frm' — MDLat has a left adjoint.

For a distributive lattice D, the free construction D — Z(D) can be explicitly described by taking
Z(D) to be the poset of ideals (non-empty directed down-sets) of D ordered by inclusion with intersections
as meets and ideal generated by unions as joins (the bottom element being the intersection of all the
ideals). For every morphism f: D — D',

I(f) = (D) — Z(D)
R — {d e D' | 3deé; d < f(d)}
Poscomposition by the forgetful functor yields a monad Z: MDLat — MDLat that we will call

the ideal monad, whose multiplication ;4 and unit n are defined as follows, for all D € MDLat (see
Proposition C.1):

(D — 1(D) _ (z@(p) —> T(D)
=N — 1d HD = g — {deD | lde®)

Definition 2.2 Let ZDLat be the Kleisli category K/(Z) of the ideal monad on MDLat.

Notation 2.1. Let . denote the distributive lattice (1. < T), sometimes called the Sierpinski space.

Proposition — C.2 The category ZDLat can be equivalently described as that with bounded dis-
tributive lattices as objects and morphisms given by distributors f: X —— Y: that is, monotone
functions f: Y° x X — ¥ such that, forallz € X andy €Y, f(—,z): Y° —= Y and f(y,—) : X — X
preserve finite meets, with identities given by id(2’,z) = [2’ < z] and composition f o g: X —— Z of
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g: X ——Yand f:Y —— Z given by

(fog)(z,z)= \/ [z < \/Zg} A [ /\ \/ f(z0,y) Ng(y,z) | . (2.1)
Z0CtinZ 20€Z0 YyeY
Intuitively, eq. (2.1) says that 2z € Z is related to 2 € X via f o g when there exists a finite cover of 2z
such that each element in there is related via f to some y € Y that is in turn related to x via g.

Symmetric monoidal structure

We will show that the symmetric monoidal structure of ZDLat is inherited — in a canonical way —
from that of MDLat, itself inherited from that of MSLat (thanks to a key result of Fraser [Fra76,
Theorem 2.6]).

Proposition 2.2 The category MDLat is symmetric monoidal.

Proof

The tensor unit is ¥ and the tensor product is given by the construction of the universal bihomomorph-
ism X XY — X ® Y in MS&Lat, which happens to yield a distributive lattice whenever X and Y are
distributive; see [Fra76, Theorem 2.6]. X ® Y is the meet-semilattice generated by the elements = ® y
(x € X,y €Y), subject to the relations, for all x,x1,20 € X, y,y1,y2 € Y:

Toy=T (T1A22) @y = (21 QY) A (22®Y)
and
r@T =T T ® (y1 Ay2) = (@) A(z @ y2)
Every element of X ® Y is of the form /\ x; ®y; for some z; € X, y; € Y, i € [1,n]. We allow the
tensor ® to bind more tightly than meets /iifl?i joins V. [ |

Note also from [Fra76] that the distributive lattice X ® Y is isomorphic to the free product — i.e. the
coproduct in our case — of X and Y in the subcategory of MDLat consisting of the bottom-preserving
homomorphisms. Henceforth, when referring to Fraser’s results [Fra76], we will implicitely resort to the
dual versions, as he is working in the category of join-semilattices.

At first glance, one might think that MDLat is bicomplete, because distributive lattices are
algebras of a Lawvere theory, which implies that their category is bicomplete (see [ARV11; nLaal).
But this does not hold in our case, as morphisms need not preserve joins in MDLat (so we are not
considering the category of algebras of the distributive lattice monad). And this fact is precisely what
underlies the two following counter-examples:

Proposition 2.3 MDLat is neither complete nor cocomplete.

Proof
We will show that it does not have equalisers nor coequalisers. The two archetypal examples of
non-distributive lattices! will be called the diamond lattice and the pentagon lattice:

Example 2.1 — Non-distributive lattices: Diamond lattice and Pentagon lattice

N O\
N1/

in that a lattice is non-distributive iff one of its sublattices is isomorphic to one of them
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To show that MDLat does not have co/equalisers, we will exhibit a co/equaliser of distributive lattices
which is not distributive.

* MDLat does not have equalisers: In[Barb], Michael Barr gives a counter-example, that
we dualise here. Let 23 be the powerset of a three-element set (with set intersection and union as
meet and join), and f, g: 23 — 23 two endomorphisms, where g maps the top element {1,2,3} to
{1,2, 3} and every other element to the bottom element ); and f is defined as:

{3} 23— (8} ——{2,3}

NN

(1,3} —5{1,2,3)

— =0 ~—|—1{2}

— /77227277**”2’\;; \

{2 1 —— {12}

It is not hard to check that the equaliser of f and g in MS&Lat is the diamond lattice.
* MDLat does not have coequalisers: Wecan come up with an analogous counter-example.
Let h: 23 — 23 be the endomorphism

P B 23

{1,2,3} 1,3} — {1,2,3}

{1,3}

h: ‘ ‘
) ——|— {2} > () — {2}
N NN

{1} 4>{172}f,\,\ {1}/j2{172}

Likewise, it is routine to check that the coequaliser of h and idy3 in MSLat is the diamond lattice.

In the previous counter-examples, neither f nor h preserve joins (f({1} U {3}) = {2} #0 = f({1}) U f({3})
and h({1} U {3}) = (1,3} £ 0 = h({1}) U({3})).

The ideal monad is strong commutative

We now recall the definition of a strong commutative monad and will go on to show that ZDLat is such
a monad. The enticing result one would ideally want is the following:

— [Hyl+06] Example 3.12. If T is a commutative monad on a cocomplete symmetric
monoidal closed category %, then the free commutative monoids monad on % extends to /(7).

Unfortunately, in our case, MDLat may not even be closed for the tensor product (see Barr’s
MathOverflow question [Bara]). But showing that 7 is strong commutative will still prove useful to
endow K/(Z) with a symmetric monoidal structure.

Definition 2.3 — A strong monad (7,7, 1) over a monoidal category (¢, ®,I) is a monad equipped
with a natural transformation t4 p: A ® TB — T(A ® B) called strength such that the following
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diagrams commute for all A, B,C € %

t
[O@TAL5T(I o A) (A® B)® TC faon.c T((A® B) & C)
lT(/\A) OlA,B,TCl JT(O‘A,B,C)
Ara
TA
. T
Ae B 9% 4o T A T2B ", 740 TB) L4, 12(A 0 B)
\ JtA’B 1®#BJ, J(MA@B
NA®B
T(A® B) A®TB — T(A® B)

If (¢,®,1,0) is symmetric, a strong monad (7,7, i) is said to be commutative if

T, 5)
TA®TB """, T(TA® B) —"", T*(A® B)

th’TBJ/ J{MA@B

2
T(A®TB) 4o THA® B) — o~ T(A® B)

(ta,B

oAB T(oB,A)

commutes for all A, B € ¢, wheret, ;, .= TA®B ——B®TA RN T(B A) —=>T(A® B) is
called a costrength. The costrength satifies similar diagrams to the strength ones (see [nLac]).
Proposition — C.3 7 is a strong monad.

Proof
The strength t4 p: A ® Z(B) — I(A ® B), given by universal property of the tensor product for the
bihomomorphism

)

. [AxmB) —T(AeB)
AB Va0 £8CB '—>¢{a®b}beﬂ

makes 7 strong. [ |

— C.1. 7 is a commutative monad.

Proof
Showing that the costrength

typ = TA®B X2 Bo TA B4 (B A) 1224), T(4 @ B)

can be expressed as

/

{I(A) ®B — I(A® B)
tA,B:

Nici @b — ;L {a@bi}

enables us to prove that the relevant square commutes without much effort (see Lemma C.1).

acoy;
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I Corollary 2.2 By Lemma C.1, ZDLat := K{(Z) inherits a symmetric monoidal structure.

Proof
This results from the fact that MDLat is symmetric monoidal and 7 is commutative, see [PR95,
Corollary 4.3.] or [Gui80; Sea]. The tensor ® is given

* on objects, by the underlying tensor in MDLat
* on morphisms f: A—o+B=A—1IB, g: A —»B' =A —1IB', by

B, KBg B’ I(t%’B/)tIB,B’ =UpgB I(thB/)tlB,IB’

feg=Ao A 125IBsT I(B® B

To show that ® is a bifunctor, Power and Robinson resort to the commutativity of the monad. The
associator and left/right unitors are given by:

(A® B)® C 1ene, (A® B) @ IC Z(@a,B,0) tagB,c =ta,Bec (18tB,c) @a,B,1C I(A® (B C))

= (A®B)®C M0, 7((4 9 B) o C) 142, T(A @ (B C))

= (A®B)®C 24EC A (B C) 2P, T(A® (B® C))
@AM, g TA MATA = YA A TN e A) T Th = N A2, 4 4, T4
ARy ML T4 @ 5 P, TA = Agy M5, T(A g x) 2, T4 = Agy 24, 4 14,74

Their inverses are:

o¢71 / — 4 / a—l
A® (B C) M@, T4 (B C) L(ay,p,c)ta,pec =tagn,c (ta,5®1) 014 p o I((A® B)® C)

_ Ae(BeC) MO, T4 g (Be ) 290, 140 B) @ C)

= A@(B@C)%(A@B)@CMI((A@B)@C)
A, T(A) PAL 1m0 A) = A ML v g A oA, 7(S @ A)
A, 7A) 22 TAe ) = A %A, Ae Yy M, T(AeY)

Indeed:
=7 =1In
—— —_—
1@n;t;Ta;I(ne1);Zt) ;™) jp = n;Za; Z(e ') sIn;p = 1

0;n;Z0°Y);Z(n) s = X307 505 ;n =n  (ford e {\p})



3. Compact Closed Structure

Compact closedness

Definition 3.1 — Compact closedness. A symmetric monoidal category (¢, ®, I, o) is compact closed
if every object A € ¥, regarded as a morphism in the bicategorical delooping of ¥, has an adjoint
A* € € (called dual object). Concretely, this means that for every A € ¥, A* comes equipped with a
unitia: I — A® A* and a counit es: A* @ A — I such that

—1 . « *
A2 T A M8 (A AT) @ A 244, A (A" @ A) 1294, A@ T 24y A =idy

-1 . -1
A* LAy Ar g 1 18, g g (A @ A%) TATAAT (Ax @ A) @ AF AGL T A* Ay A% = idy.

In this section, we will prove that the category ZDLat is compact closed, but for co/units that may
not be the most intuitive at the outset. Indeed, drawing upon the fact that the category Rel of sets and
relations, the Kleisli category of the downset monad over posets, and the category of quantale enriched
profunctors (see [KL80; MZ18]) are compact closed, one may be tempted to try to show, in a similar
fashion, that so is the case of ZDLat with the following units i4: ¥ —o0» A ® A°:

ia(l)={a®d |a<din A} |, ig(T)=A® A°

and counits e4: A° ® A —o= X:
eald ®a)= L(d <a) .

This turns out not to be true unfortunately, because the tensor unit — in our case X — is very different
from the singleton tensor units of the aforementioned cases. However, ZDLat can still be shown to
be compact closed for slightly more intricate co/units, about which we will now provide necessary and
sufficient conditions.

First, let us give the following easy charaterisation of ideals in a semilattice:

Proposition 3.1 The ideals of a join semilattice A are exactly the subsets of the form | D, for some
D C A closed under joins.

Proof
Every ideal is closed under joins and equal to its downward closure. Conversely, every subset of the
form | D is clearly down-closed and closed under joins:

di <d,eD
{1—1 diVdy <d,VvdyeD

ngdIQED

[ |
This enables us to write i4(L) in the form | D, and give necessary and sufficient conditions on D:

— Necessary and sufficient conditions on co/units. ZDLat is compact closed with units
ig: X —o>A®A° and counitsey: A°®A —o—»Y ifand onlyifiy (L) := | D for some V-closed D C A® A°
such that for all ag € A:

V/\ag ®a €D, /\ ay <ap (3.1a) V/\a; ®aj €D, ag< \/ aj (3.2a)

8 8(a9'®a0)={J-} 7 e(ao®a}):{l-}

I\d ®al € D; N d=a @B I\qedeD a= \ ¢ @2b)

78 e(agv'@ao):{L} Js 6(a0®a;~):{L}
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closedness
Z(A® A%)® A)

3.1 Compact

Proof

AL g AL (8 A) Z0ED,

Z(nZ(t)1)

First, the adjointness conditions for every A € ZDLat amount to
T} ((A® A°) ® A)

IT(Z(A® A°) ® ZA)

n
T(A® (A° ® A) L T2(A @ (A° 0 A) L T(A® (A° ® A))

T’(AeX) L T(A0Y)

(),
%), 7(7A @ Tx) HeI@9,
Lo, 74 H0y 724 274
z NA

(T(A°) @ T(A ® A4°)) ZTOY), 7240 @ (A0 A%)) L5 T(A4° ® (A ® A°))

and

?

AL ooy D T(A° @ x) Z2)

T(a™?
R
Z(pZ(t)t)

T’ (2@ A°) L I(2 @ A°)

)

n
T((A°® A) @ A°) T T2((4° @ A) @ A°) L5 T((A° ® A) @ A°)

(e®77) I(I( ) ®I(AO))
5 T(A%)

this simplifies to

IO, 740y Z), 72 40) 2
nAe
Due to Z being a monad, 7, ¢ being natural {z",;(()\p)):/\p {?17 2717 : Z::Z
A4, TA
—A2L Y RAELTA0A) 0 AL TI(A A%) @ A)
L9, 7A@ (4° ® 4)) 212, 1(7A 0 75) 2 12(TA® %)
L TTA2Y) 22 72(A) £ 7A
= nA
and
A° A%, T(A°)
AL A% L AR T(A® A°) L T(A°® (A® A°))
e 7((4° @ 4) @ A7) 22 1(Z(5) 0 7(4°) 2L TA(S 0 7(4°)
T8 @ T(A%) T 72(4°) £ 7(4°)

A

Elementwise, this is equally to show that for all ag € A
dalag) ={a€cA|FeTA®Y;Jaci(l);d<a®ap; |0 <tln®e)a(d); La<pd}

e a Hd); Ta< A}

;UA(GO)Ziao
bao(ag) = {a € A° |30 € S@T(A%); Fa € i(L); 3d < ap®a; 16 < (e @)

< o (ag) =1 ag
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We will now hone in on the first equality, the second one being analogous. By Proposition 3.1, the
ideal i(L) can be written as | D, for some D C A closed under joins. It comes that:

pa(ao) € Lag
< Va€Aac€ palag) = a<ap
= VacAJdeTA®Y, a< \;a,®a] € D,d<a® ao,
1O < tn® e)ald)
la<pd
= VYacAJdeTA®X, \,a,®a] €D,
\l/(s g /\z t(77 & e)(a; & (a;/ ® CLO)) = /\Z\L{\La; ® Oi}oiee(a;’(@ao)
Ja<po =l a}®e(a}®ao)

= a<ag

= a<a

But when it comes to A; | { | a; ®o;} there are two alternatives for each e(a ® ag) € Z(X):

o;€e(a; ®ag)’

* either e(a] ® ag) = ¥, in which case { | a; ® o;}
oi}o,@(a,_,@mo) is the top element of Z(TA ® X2)

* ore(a ® ag) = {1}, in which case | { | a} ® 0;}

oice(a@an) contains the top element and | { lal®

o;€e(a ®agp) = \l/(*L (l; ® J—)

Therefore

$a(ao) € lao
= VaeAJeTA®N, \jd®d €D,
\Ld S /\j?e(a;!@aO):{J—} J/ (\LG/; ® J_) = ‘l/ ((*l”/\jm(a;-/(&ao){l} a;) ® J_>

!/
La<pd LN cwroag =11y 9
/ " /
= VaeA N\, d®al €D, a< /\j;e(a;,(@ao):{l} ay = a < ag

— VA d®deD, A\

= a<ag

/
j;e(a;'@mo):{l} aj < ao

which shows that eq. (3.1a) is a sufficient condition. It is also necessary: if ¢4(ag) C | ag, then for
all \, a; ® a} € D, by setting

a:= (A @al) ®ag

5 = \l, (/\j;e(a;’@ao)I{L} CL;) ® J_

. o , .
it comes that a := /\j;ew;’@ao):u} aj € ¢a(ap), since

1 < (i (/\j;e(a;-’@)ao):{L} aé) ® J—> = /\j;e(a}’@ao):{L} i(i CL; ® J‘) = /\z + { l’a; ® Oi}oiee(a;’®ao) - t(?] ® e)a(d)
Ja < (/\j;e(a;/(@ﬂo):{l} a;) - ,05

hence /\j;em;'@ao):u} a; = a € | ap.
Finally, the existence of an element A\, a; ® a] € D such that ay < A
dalag) 2 Lag,i.e. pa(ap) > ap (as ¢pa(ag) is down-closed):

). .
i et @ag)=(1} 95 18 equivalent to
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¢ Itis sufficient: if ag < A a;-, then by putting

7 E(G}'®ao):{l}

d:= (Aid@a!) @a
0:=1lay® L

we have | ag < pd and | § < | <¢ (/\j;e(a;/®ao):{l.} a}) ® J_> =t(n®e)a(d)
* Itis necessary: if thereexist e TA® X, a < \;a, ® a! € D, d < a ® ap such that

40 < t(?] ® e)a(d) S /\1 + { i’a; ® Oi}oiEE(a;’@)ao) =+ 4 </\j;6(a;~'®a0)={i} a;) ® J‘)

/
fag = pd < (/\j;em;’@ao):u} aj)

N

then the result follows.

Therefore, egs. (3.1a) and (3.1b) are equivalent to ¢ 4(ag) = | ap, and we can analogously show that
egs. (3.2a) and (3.2b) are equivalent to ¥ 4(ag) =1 ag.
|

If A satisfies the Descending Chain Condition (DCC), so that every a¢ € A is a join of V-irreductibles and
meet of A-irreducibles (which correspond exactly to V-primes and A-primes respectively by distributivity),
then for every subset D C A ® A° satisfying eqs. (3.1a), (3.1b), (3.2a) and (3.2b), the V-closure D" still
satisfies eqs. (3.1a), (3.1b), (3.2a) and (3.2b).

This now brings us to our main result:
The category ZDLat is compact closed, with

* the counits e4: A° ® A —o— Y given by

¢ the unitsis: ¥ —o+ A ® A° given by

iA(L):¢({L®aAa®TyaeA}V) , ia(T) =A@ A°

Proof
It suffices to show that D = {L ®aAa® T | a € A}" satisfies the necessary and sufficient

conditions of Lemma 3.1. Let A>ap# T and D > \/ (L@ai /\ai®L> = A ((\/aj> ® (Q}a@)

icl JCI N N
N——
denoted by a{] denoted by ai}
by distributivity. To prove eq. (3.1a), we show that
/\ af], < ag 3.3)
J! #lt;/ Zao
The index set I can be partitioned:
I=101

where I := {keI|ay<ap}and I := {keI|a£ao}. Then \/ a < aop, and:
kel
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- ~
a7 = Vyejak < ao

/
= Ny £y P P\t o T S
i kel Yk 0

* Case 1:if A\, jaxr £ ao, then eq. (3.3) follows, since {

a’ < ag
® Case 2: elseif
/\ ar < ag (3.4)

it comes that

As VkEi,ak :/\{ak} fao
Neeiar = Nax | ke T} <ag

T = {@ #S ¢ I | S maximal such that a’I’\S = /\ a L ao} #0

kes
Let us show that
/\ ‘1/1\5 < ap (35)
Serl
Indeed, since
a/I\S: \/ak‘: \/ ak:a/f\/ \/ak’
kel\S kelu(1\S) kel\S

we have, by setting I := {5,...,S5,,} and a, := a'f:

\/ 7\(116[: /\ (a'f\/ \/ ak>: /\GII\SSGO

k1e{x}UI\S, ..., kme{x}UI\Sm =1 S€{S1,.ySm} kel\S Ser

= Yk € (xJUT\Sy, .. km € 5} UT\ S, N aw <ao
=1

And the last assertion does hold:
— Case 2a: if one of the k;’s is equal to , then we are done, as

m

N aw < ax < ag
=1

m
- Case 2b: else, suppose by contradiction that A a;, £ ag. Then
=1

0 # {ki,...,km} & I (byassumption and eq. (3.4))
Niclhn, o fom} @ % G0

Therefore, by maximality of the elements of T', there exists S; € T" such that {k;,...,k,} C S;.
But this contradicts the definition of k;.

As a consequence, eq. (3.3) directly follows from eq. (3.5), since

AN A

J’;at},gao Ser

Finally, the condition eq. (3.1b) is satisfied owing to | ® ag Aag® T € D, and eqs. (3.2a) and (3.2b)

can be shown analogously, by symmetry.
|



4. Model of Linear Logic

Categorical models

Recall that a model of the multiplicative exponential fragment of classical linear logic (CLL) is given by
[Bar91; Bie95; Mel03; Sch]:

1. a x-autonomous category (%, ®, —o, (—)*), to model the multiplicatives with the SMC structure
and the linear negation with the dualisation operation (—)*

2. which has finite products & (and thus coproducts @, induced by dualisation) to model the additives

3. and is equipped with a linear exponential comonad ! (and thus a linear exponential monad ?, by
dualisation) — that is: a monoidal monad ! that lifts the tensor ® to a coproduct in the category of
l-algebras — to model the exponentials.

In a x-autonomous category %, the monoidal structure of multiplicative conjunction (®, 1) uniquely
determines that of multiplicative disjunction (%, L) by “de Morgan duality” (and vice versa): A% B =
(At ® BY)L. For each object A € ¢, A+ is referred to as its dual, in the sense that it can be seen as a
weak form of adjoint in the bicategorical delooping of ¥4 where the co/units:

ig:1— AW AL eq: AT A— |

mix both tensor products. A special case of significant historical importance is when the model
is degenerate, that is, when the mutliplicatives (® and %) coincide, and so do the additives and the
exponentials. In this case, the dual objects are actual adjoints in the delooping of ¢, and the category
¢ is compact closed [KL80].

Additives

It is well-known that

Proposition — [Szi], Proposition 2.2. For every category ¥ and monad T': ¥ — %, if ¢ has coproducts,
then so does K¢(T'), by post composing the coprojections by the monad unit.

As aresult, as TDLat = K{(.¥) is compact closed and MDLat has coproducts (see Proposition D.1):
I Corollary 4.1 ZDLat has biproducts.

Proof

Houston showed in [Hou08] that a compact closed category has finite biproducts as soon as it has finite

coproducts (this result was generalised by Garner and Schéppi in [GS16]). [ |
Exponentials

We now go on to exhibit a linear exponential monad on ZDLat modeling the why-not modality. As
IDLat is compact closed, such a monad will give rise to a linear exponential comonad, by strong
duality.

Monadicity of commutative monoids

Given a symmetric monoidal category (¢,%, L), a convenient and common way to concoct a linear
exponential monad on ¥ is to consider whether the forgeful functor % : CMonz(%4) — ¢ from the
category CMonzx (%) of commutative %¥-monoids to ¢ is monadic — meaning that it has a left adjoint
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F ﬂ % and the canonical comparison functor! K*: CMonz(%) — EM(M) for the induced monad
M := 9/ F is an equivalence. In such a case, it is well-known that the induced monad M is linear
exponential, owing to the fact that %% can be lifted to CMonz (%) ~ EM (M) (see for example [JS93]),
where it becomes a coproduct, in this manner:

(A1, my: AL AL — Ay, e: L— A1) B (Ag, mg: Ay B Ay — Ag, e3: L — Ay)
= (A1 % Ay, m = (A1 Ay) T (A 3 As)
> AL (A WA B Ay 39 AL (AL D Ag) B Ay
(A1 B A B (A B Ay) TIm2, 4, 3 A,
e ::L%L?S’L%Aﬂ?/b)

the coprojections being given by

H12A12A17?J_mi>141??142 I{QZAQ%J_??AQﬂ)AlyyAQ

Now, Beck’s acclaimed monadicity theorem [Bec] characterising monadicity:

— Beck’s monadicity theorem. A functor % : ¥ — ¢ is monadic iff

1. % has a left adjoint

2. % reflects isomorphisms

3. ¢ has and % preserves coequalisers of % -split pairs, which are those parallel pairs f,g: A —
B € 9 sent by % to a pair % f, % g having a split coequaliser in %, i.e. such that there exists a

2
cocone A ? B—""5C such that the morphism (% f,h): % g — h has a section in the arrow
g

category of €.

does so by convieniently framing it as conditions on %, the last two of which happen to be satisfied
by the forgetful functor % : CMonz (%) — ¢ [Hyl+06; Kel80; Lan78]. So the question of monadicity of
% reduces to the existence of a left adjoint.

Extension to the Kleisli category

But that is not all: in our case, (¢, %) := (ZDLat = KI(¥),®) is a Kleisli category, and it might seem
a bit tricky, at first glance, to directly work there. The traditional approach to go about proving that we
have a monad 7 := % F on a Kleisli category KX/(T) — where T': of — o/ —1is to

1. first construct it in the base category &
2. before extending it to the Kleisli category K/(T'), by resorting to the following theorem by
Beck:

— Beck [Bec69]. The following are equivalent:

* an extension of ? to a monad on K¢(T")
¢ alifting of T" to a monad on EM(?)

!defined on objects by KM (C) := % (ec) : WFUC — U C
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¢ a distributive law of 7 over T, i.e. a natural transformation \: 77" = T'? subject to coherence
conditions (see [Bec69])

This theorem comes in handy because lifting 7' to £M(?) is usually easier, in practice, than
extending ? to K/(T).

In our case where &/ := MDLat, we are then brought to construct a left adjoint to the forgetful
functor %’: CMong(MDLat) — MDLat. This can be attempted

¢ using Freyd’s adjoint functor theorem [FS90], which amounts to proving that for all A € MDLat,
the comma category A | %' has an initial object, by showing that CMong (MDLat) is complete
(which implies that the comma category is complete as well) and that there exists a weakly
initial set of objects in the comma category. A sufficient condition given by Marty in [Mar,
Proposition 1.2.14.] for CMong (MDLat) to be complete, is that MDLat be itself complete, under
the (itself far from obvious) assumption that it is monoidal closed. But this does not hold, as seen
in Proposition 2.3, since MDLat does not have equalisers.

¢ by constructing the adjoint by hand, in the style of [Lan78, Theorem VII.3.2]. But again, sufficient
conditions we find ourselves wishing for are

- the tensor preserving countable colimits (which would be true if MDLat were monoidal
closed, but — to our knowledge — this is an open problem posed by Barr [Bara; Barb]).
- MDLat having finite coequalisers, which is not true by Proposition 2.3.

However, all hope is not lost: free commutative monoids can be constructed explicitly in ZDLat.

Explicit construction

For the aforementioned reasons, when free commutative monoids exist, the resulting monad is linear
exponential. Provided that ¢ has countable colimits and the tensor preserves them, the free com-
mutative monoid on A can be constructed explicitly by the well-known exponential formula (see for

example [MTT]):
Y A%e,

n>0

where each summand is the coequaliser of the n! permutations A®" — A®", Such a coequaliser does
exist in MDLat, by taking the coequaliser in the bicomplete category DLat of distributive lattices and
lattice morphisms (preserving finite meets and joins), which is enabled by the fact that permutations
preserve joins too. It remains to be shown that:

* For every n > 0, the object A®"/&,, € DLat is a coequaliser in MDLat. Given that DLat is
not a coreflective subcategory of MDLat (¥ is the initial object in DLat but not in MDLat),
the inclusion functor does not preserve colimits a priori. But we can still show by hand that
A®" /S, € DLat enjoys the coequaliser universal property in MDLat (Lemma D.1, proof in
appendix):

— D.1 - Coequalisers of identity and permutations of n-th tensor powers.
Let A € MDLat,n € N, k € [1,n!] and oy,...,0,: A®" — A®" € MDLat be permutations of
the n-th tensor power A®". Then the coequaliser of the parallel morphisms

O1,...,05: AP — A®"

exists in MDLat by lifting it from DLat.
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* The said coequalisers can be lifted to ZDLat, as the free algebra functor MDLat — K{(Z) is a
left adjoint, and thus preserves colimits.

As a consequence, by Corollary 4.1, free commutative monoids can be constructed explicitly in
IDLat, as the tensor preserves colimits due to ZDLat being monoidal closed, and it follows that:

Corollary 4.4 The linear exponential free commutative monoids monad can be defined on ZDLat,
thereby modeling the why-not modality of linear logic.

Finally, as ZDLat is compact closed:

I Corollary 4.5 The why-not and of-course exponential modalities can be modeled in ZDLat.

On the whole, putting the previous results together (Theorem 3.2, Corollary 4.1, and Corollary 4.5),
we have:

IDLat := KI(Z) is a degenerate model of classical linear logic.

Dualisation operation

As LL connectives come in pairs of De Morgan duals that determine each other, a key step to better
understand the model at hand involves describing its dualisation operation (corresponding to linear
negation). In every compact closed category, the dual of a morphism f: A — B is given by:

fi= B L B ey 189G Br g (A A7) L2UED, pre (B AY) SN g A* A 40 (41

in such a way that the assignment f +— f* extends to a contravariant involutive functor sometimes
referred to as star-involution and endowing the category with a x-autonomous structure. In ZDLat,
eq. (4.1) boils down to

o= o i Z((n@d) st I s ) s p
;I(n® ((f®i);t;I(t’);u);t;I(t’);u) 1
It s(e@m) st I s p) s s I(N)

Surprisingly, this messy and intimidating expression can be shown to simplify to the following
elegant one:

In ZDLat, the dualisation operation (—)* = (—)* is given on every morphism f: A —o— B by

LB —I(A°)
d '{b —{a€ A°|be f(a)} “2

We omit the proof, which is quite involved (Lemma 3.1 is used). However, we can easily check that
eq. (4.2) statisfies the necessary condition of yielding a morphism in K/(Z), i.e. that f* is monotone and
preserves finite meets, and f*(b) is an ideal for every b € B°.



D. Future work and conclusion

Further directions
This work was a first elementary step towards numerous potential further investigations:

* LI structure: Our pedestrian approach of constructing the exponentials leaves a lot to be
desired, due to it being ad hoc and not lending itself to generalisation. One may want to explore
further the aforementioned traditional approaches section 4.3.2, as they are more transferable
to other contexts. To do so, a recurrent question is whether MDLat is monoidal closed — an
open problem posed by Barr [Bara; Barb] — and if so, whether we can lift the free commutative
monoids monad from MSLat to ZDLat via a distributive law that would hopefully come from
Day convolution for Ind-completion. Besides, the very existence of the “permutation coequalisers”
in MDLat seems to stem from more general and natural considerations: it may have to do with
the monadic forgetful functor % : DLat — MSLat creating these coequalisers (to get the result
by Beck’s monadicity theorem, one may be tempted to show that they are coequalisers of % -split
pairs, but this does not seem to be the case). On another unrelated note, it would be interesting to
investigate whether we additionally have a model of differential LL [Ehr16; ER03], and whether
we can come up with a form of coherence and/or hypercoherence structure [Bou06].

* Compact closedness: Compact closed categories play an important role in Abramsky and
Coecke’s approach to quantum computation [AC07], and especially dagger compact categor-
ies [Sel07]. Given that Rel and the category FdHilb of finite dimensional Hilbert spaces (with
the tensor classifying linear maps) are dagger compact closed, a natural question is whether it is
the case of ZDLat too. We made several attempts to get a dagger structure (with adjoints and
prime ideals, with complements and prime ideals, with minimal elements in the preimage of each
ideal, ...) inspired from the situation in Rel and FdHilb, but none were successful. The question
remains open.

®* Categorification: Another improvement would be to categorify the current situation.

— For example, we have been working in the Y-enriched setting: the next step would be to try
to generalise the current results to the Q-enriched one, for an arbitrary quantale (), before
tackling the ¥ -enriched one, for a general Bénabou cosmos 7.

- A tantalising generalisation would be the following. Let .#" be a bicategory of small categories
with property-like structure: e.g. a distinguished class of co/limits ® (in our case, we had
products A) given by a KZ-doctrine, and enriched profunctors preserving these ®-co/limits.
Then, consider the full subcategory .7’ C ¥ comprised of categories having another class
¥ of co/limits commuting with ®-co/limits (involving a pseudo-distributive law). Can we
give sufficient conditions for the tensor ¥ ® 2 classifying bihomomorphisms (preserving
®-co/limits componentwise) to be an object of #” (which holds in our case for distributive
lattices, where W-colimits are coproducts)? And if so, do we still have compact closedness (in
the bicategorical sense), by generalising our co/units? A main obstacle is that our results
heavily rely on Fraser’s theorem for distributive lattices [Fra76, Theorem 2.6], which may
not carry over to more general settings.

— Another line of investigation would involve focusing on categorfying the ideal monad as a
KZ-doctrine or a Yoneda structure, and see which results lend themselves to generalisation
in this context.

Conclusion

We considered the Kleisli category of the monad of ideals on bounded distributive lattices with meet-
preserving maps, and showed that it is compact closed for the tensor product classifying bihomomorph-
isms. Moreover, it constitutes a model of full classical linear logic.
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Appendix



A. Notations

Prerequisites

We assume familiarity with category theory (categories, functors, natural transformations, adjoints,
co/monads, Kleisli and Eilenberg-Moore categories, co/limits, Lawvere theories, monoidal categories,
profunctors, bicategories, ...) and Girard’s linear logic [Gir87; Mel], even though the most important
notions will often be recalled. Good introductions to category theory are [Lan78], [Riel7], and [Leil6]
for example. Non-standard notations are introduced when used for the first time, but for convenience, a
glossary of notations/abbreviations can be found in here.

General notations

~ ) Isomorphism

gf = gof = f;9) ff: X —Y, ¢g:Y — Z:
morphism composition

P, Pan, P Powerset, finite subsets, non-
empty subsets

ki (i €N) ) Coprojections (f a coproduct is in-
volved)

[fyg]: A+ B— X | copairingof f: A— X and
g:B—X

0, 1or0, 1) initial and terminal (when not

unit of the tensor in linear logic) objects

F ﬂ G F left adjoint to G, with unit » and
counit €

Ki(T)or ¢ )| Kleisli category of the monad
T.%4—%
AV | Join closure of A

~ ) Equivalence
id: X —-Xorl: X — X ) Identity morphism

[n,m] | Set{k | n<k<m}

m; (i € N) | Projections (if a product is involved)
f+9: A+ B—X+Y
fiA—Xandg: B—Y

"0—X,!: X—1) initial/terminal morph-
ism (when not the exponential modality in linear
logic)

coproduct [k f, kog] of

EM(T)or €T
T:¢ —%

Eilenberg-Moore category of

For notational convenience, one may drop the subscripts in natural transformations when the

context makes it unambiguous.

Abbreviations
iff: if and only if
General resp.: respectively
cf.: see
Categories ~ SMC: symmetric monoidal closed

ILL/CLL: intuitionistic/classical linear logic

Linear Logic

MLL: multiplicative linear logic
MALL: multiplicative additive linear logic

MELL: multiplicative exponential linear logic



B. Orthogonal construction

Proposition B.1 Let C be a small distributive category, i.e. a small category having finite products
x and coproducts + such that for every 4, B, C' € C, the canonical morphism Ax B+AxC — Ax (B+C)
is invertible. Then FProd (C°P, Set) is an exponential ideal of C.

Proof
Let P € FProd (C°P, Set), Q € C. Showing that P? € FProd (C°P, Set) amounts to showing that

VA,BeC, P9A+B)=P?A)x P?B)
Recall that every presheaf () is a canonical colimit of representables:

Q = colim <yC 1Q %4 c e 6) denoted ((321)13@ yc(X)

Thus, we have the natural isomorphisms:

PY A+ B) = Homg (yc(A+ B) , PQ)
~ Homg (Q x ye(A+ B). P)
=~ Homg ((colimy,(x)—qyc(X)) X yc(A+ B),P)
= Homg (cohmyc(X)HQ (ye(X) xyc(A+ B)),P)  as(-) xyc(A+ B) is a left-adjoint

= lim Homg X) x A+ B),P
e (ye(X) x ye( ), P)

= lim Hom X x(A+B),P
i Home (ve(X x (44 5). P

= lim  Homg (yc(X x A+ X x B), P by distributivit
e (ye( ); P) y y

~ lim PXxA+XxDB)
ye(X)—@

lim (P(X % A) x P(X x B)) as P € FProd (C°P, Set)
ye(X)—@Q

(Timyg )@ P(X x 4)) x (Timye(x)—q P(X x B))
S (limyC(X)HQHoma (yc(X x A),P)) X (hm (x)—s o Homg (yc(X x B), P))

= (limye (x)—q Homg (ye(X) x yc(A), P)) x (Timye(x)—sq Homg (ve(X) x ye(B), P))
= Homg (colimyC(X)HQ (yC(X x yc( ) ) x Homg (Collmyc(x)*)Q (yc X) xyc B))7 )
= Homg ((cohm x)— Yc(X) ) x yc(A ) x Homg ((colimyc(X)HQ yc(X)) x yc(B), )
~ Home (Q x YC( ), P) x Homg (Q x yc<B> P)

>~ Homg (yc PQ) x Homg (yC(B),PQ)

>~ PQ(A) x PQ(B)

I

I



C. Ideal monad

Proposition C.1 The ideal monad

MDLat — MDLat
D — {0 C D | 6 non-empty directed down-set}
(D) —ZI(D)
) — {d e D' | 3des; d < f(d)}

T
pLip — I(p) ::{

is well-defined.

Proof
One easily checks that Z( f) preserves N, and that Z(f)(6) is down-closed and closed under V:

- dll \/d’2 < f(dl \/dz)
——

€d

dy < f(dy) < f(diVda)
dy < f(da) < f(dy V da)
Moreover, we do have a monad:
C by down-closedness of §
Z(np) / / K“D / / !
I(D)36——={0€Z(D) | 3ded; § Cld}——{d €D | Ided; |d Cld}=¢
———

< 1dCé S d'<d
—
ID)36 2 s {deD | lde|d} =6
T

D by down-closedness of &

73(D) 5 &1 D {6 €ID | 1§ € d} e {deD | llded}

IMDW

(6 €Z(D) | 3P € &; &' C pu®}+
N—_——

m {deD |3 ed; Vd eD,d eld= |d cd}
b ~——

& |[vd,ded = Lde @] sd <d

With respect to the equality on the right side: the inclusion from top to bottom is clear. The reverse
one stems from the fact that if d is an element of the bottom set, it comes that | | d C ® € ®. Indeed: for
all § C | d, as | d € ® by hypothesis, § € ® by down-closedness of ®. As a result, | | d € ® due to ® being
down-closed.

|

Proposition C.2 The category ZDLat can be equivalently described as that with bounded distributive
lattices as objects and morphisms given by distributors f: X —— Y: that is, monotone functions
f:Y°x X — XY suchthat,forallz ¢ Xandy €Y, f(—,z) : Y° — ¥ and f(y,—) : X — X preserve
finite meets, with identities given by id(2/,2) = [z’ < z] and composition fog: X —— Z of g: X ——= Y
and [ : Y —— Z given by

(feg)za)= \ [=Vzla| AV fGoy) Agy,e)

Z0CtinZ 20€Z0 yeyY

Proof
We cannot rely on the fact that MDLat is closed for the tensor product ®, as this is not known (cf [Bara;
Barb]). But X does turn out to be a exponentiating object in MDLat:
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* We can readily check it by hand, by showing that maps A — Z(B) € M™DLat are in one-to-one
correspondence (naturally in A, B) with bihomomorphisms B° x A — X..
* Or, better: by compact closedness of ZDLat (Theorem 3.2):

Homzprat (A ® B, C) = Homzprat (A, B° ® C)
naturally in A, B, C. So we have the following natural isomorphisms:
Hommprat (B° @ A, ¥) = Hommpear (A ® B°, %)
= Hommprat (A@BO,I(E)) as X %I(E)
= Homzprat (A ® B°, E)
=~ Homzprat (A, B®X)
= Homzprat (A, B)
= Hommprat (A,Z(B))

Proposition C.3 7 is a strong monad.
Proof
Let us show that we have a strength t4 p: A ® Z(B) — Z(A ® B), for every A,B € MDLat. By
universal property of the tensor product, giving such a map amounts to giving a bihomomorphism
tap: AXI(B) —ZI(A® B). We set
. A x I(B) — Z(A® B)
taB:
a,0#BCB +— L{a@b}beﬁ
* i4pis well-defined, i.e. | {a® b}beﬁ is an ideal of A ® B: we show that | {a ® b}beﬁ is the smallest
ideal <{a ® b}b€5> containing {a ® b}beﬁ

- <{a®b}beﬁ> cl {a®b}beﬁ: Let d < \/, a®b;. Since \/, a®b; = a®\/, b; by [Fra76, Theorem 2.6],

and \/; b; € § as 3 is directed, it comes that d is lower than an element of {a ® b}, -~
— the other inclusion is clear.

* t4p is a bihomomorphism:
- for every 3 € Z(B), t4,5(—, 3) is a homomorphism: for every a,d’ € A,
tapland,p) = {(a ®b)A(d® b)}beﬁ
={a®@bf, ,ni{d @b}, , (®)
=tap(a,B) Ntan(d,p)

About the equality (®): inclusion C is clear. As for D: with obvious notations, if ¢ < a ® b and
c<d®b,thenc<a®@b<a®(bVvb)andc<a®b<d ® (V) and since bV € 3, the
result follows.

- for every a € A, t4 g(a, —) is a homomorphism: for every 3, 8’ € Z(B),

tapla,snp) = 1{a® b}beﬁmﬁ/
={a®bl, ,ni{aat}, 4 (®)
=ta5(a,B) Ntan(af)

Again, C is obvious in the equality (®). As for D: if c < a®band ¢ < a ® ¥/, then ¢ <
(a@b)AN(a®b)=a® (bAV)and since b AV € 5N 3, the result follows.
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Therefore, there exists an unnatural transformation:

A®RI(B) — I(A® B)
/\ a; ® B — ﬂ \l/{az(g’b}beﬁ

It turns out to be natural in A, B, as shown by diagram chasing, for all f: A — A’, g: B— B":

Ao @ B L2, fla) @ [ € B | 3be i O < b))y —22 s, L{f(a) U | Fbe B U < g(b))}

tA,BJ/

Nid{ai® bi}bieﬁi }

{dedeB |3d< Naiw b ; d <(fog)d)}
Gﬁz

I(f®g9)

The equality stemming from f, g and f ® g being monotone and preserving A. We now check that
this natural transformation ¢4 p is a strength.

t t
Tea—"—{T®a}, . =S®A4A Loa—"—|{lea},_ , ={L®a},_,
Z(A Z(A
A\\\\:;;\\\\\$ I (A) A\\\\\\;;:\\\\\$ [ (A)
{a’eA\EIa”ST@ a ;a’g)\Aa”}:A {a’eA[EIa”SL@ a ;a’g)\Aa”}zia:a
co [SXe]]

(a®b) 72225 | {(awb) ®c}cEWABC{d’ (A®B)®C | 3d<(a®b)®_c ; d <aspcd}

Shel
QA BIC H

(b®’y)}—>a®¢{b®c} ————{d € (A®B)®C | 3cev, e < bR d <a®e}

1®tp CEY taBrC
a@b—32" e 1b
}A,B
NA® B
¢{a®b’}b,§b:¢(a®b)
a@@—w{a@ﬁ}ﬁ@ {5eIA®B) | 30<a® 5 6 Ctapb}
e<1>
1®up I
HFARB
a®{b€B | Jb e <I>}|—>J,{a®b}¢be¢ {c€A®B | 30 <a® B icCtABH}
e<1>

The last equality deserves an explanation:

e C:if ¢ < a®bwhere |b € ®, then setting § := a ® |b yields the result, since | c C t4 gt =
LHaoV}, ., ={a®b)is equivalent to ¢ < a ®b.

e D:if e C ZA,BG where 6 < a ®  for some 3 € ®,then |c C ty p(a® ) = i{a ® b}beﬁ, which
implies that ¢ < a ® b for some b € 3, thus satisfying | b C 8 € ® hence | b € O.
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7 is a commutative monad.

Proof
By Proposition C.3, it is strong for the strength:

; A®ZI(B) — Z(A® B)
AB:

Niai®Bi — )4 {ai & b}beﬂi
Let us show that the costrength

typ = TA®B X2 BoTA B4 (B A) 1224), T(4 @ B)

is given by

. [T(4eB — T(4®B)
4.8 /\Z-()ti@bi l—)ﬂii{a@)bi}aeai

It is enough to make sure that they coincide on basis elements, the equality will follow by preserva-
tion of A:

Se]
Z(O'B,A

H0BA), e A@B | 3d<bo 0 c<opad = {a®b)

This is enables us to prove that the relevant square commutes without much effort:

@b b0 | {boa)

aco aco

] EB
Ity ) =~ =
a®ﬁlﬂ>¢{a®b}beﬁlﬁ>{5 130<a® b 6<t, g0} d | 30<ax b Ld<t) 40}
t;&,IB
Ha®B} et T {0130< a @B 6 <tapbyr——{d|30< _a @B Ld<tap0}

ca SYet
The set equality boils down to the equivalence, for all d € A ® B:
3 <a® b ; ¢d§tj4739’ — d0< _a ®F; ld<tspb
ep ca
which holds:
e —: As
:\L{b®a}a€a
/ ! "e,a\ !
ldCtypla®b) =Z(opa) tpa(b®a) ={d € A®B | Jc<b® a; d < opac}
then there exists ¢ < b ® a for some a € o such that
d<opac<opa(b®a)=a®bwhereaca,bef
So by putting § := a ® /b < a ® 3, we have
td<la®b)=1{a @V}, _, =tan()
* —: Suppose that there exists § < a ® § for some a € « such that
ldCtapbl Ctapla®f)=1{a® b}beﬁ
It comes that d < a ® b for some a € a, b € 5. By setting ¢’ := la®b < a®b, we get
ldCla®b)=1{d ® b}a,ga =t'(0")



D. Model of Linear Logic

Proposition D.1 MDLat has biproducts.

Proof
MSLat is the category of models of an equational theory (idempotent commutative monoids), and as
such, has products and coproducts, that happen to coincide in MS&SLat (biproducts).

For all Ay, Ay € MSLat, A1 + As is the free algebra (in the universal algebraic sense) generated by
A; and A,, comprised of all the terms built up from elements of A; U A5, quotiented by the equational
identities. It is given by:

A1+ Ay = {al/\ag\al EAl,CLQEAg}
ki: A1 — A1+ A9 == a1 — a1 ATy

Kot A9 — A1+ Ay := a9 — T1 Aag

where the top element is T; A T, and meets are taken component-wise. Furthermore, if A;, A, are
distributive, A; + A5 can endowed with a distributive structure by setting:

(a1 ANag) V (a) Aah) == (a1 Vay) A(agVah) € Ay + Ay (D.1)

As it happens, the distributive law does indeed hold in A; + A, (we only need to check one of the
two binary distributivity laws, as the other one follows [Bir40, Theorem 1.6.9]):

(a] Nab) A ((a1 Aag) V (a) A a’2)> al Aah) A ((a1 Vay) A (ag vV a’z)) by eq. (D.1)

al A (ay Va) )/\(ag/\(ag\/aé))

(af ANar) V (af Aah)) A ((ay Aaz) V (ay Aay)) by distributivity of Ay, As
(af Nar) A(ay Aaz)) V ((a] Aal) A (ay Aahy)) Dby eq. (D.1)

(af Aa3) A (a1 Aaz)) V ((a] Aay) A(a) A ay))

(
= (a1
(
(
(

It comes that when A, Ay € MDLat, the MSLat coproduct A;+ As remains in MDLat. Therefore,
as MDLat fully embeds in MSLat, MDLat has coproducts, and we can show in a similar way that
it has biproducts. [ |

— Coequalisers of identity and permutations of n-th tensor powers.
Let A €¢ MDLat,n € N, and o1,...,04: A®" — A" ¢ MDLat be 1 < k < n! permutations of the
n-th tensor power A®". Then the coequaliser of the parallel morphisms o1, ...,0: A®" — A®" exists
in MDLat.

Proof
Let o/: A®™ — A®" be a permutation of the n-th tensor power A®". It is defined as:

, | A% — A®
o . . . . .
Niai ® - ®a, '—>/\ia;f(1)®"‘®afﬂ(1)

One checks that ¢’ preserves joins:
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= N\ (abqy Vv bi/u)) @ ® (agrn V bfr’(n))
:/\afﬂu)@'” i \//\bj ...®bj(n)
:a/(/\a1® )VU(/\Z)] )

So o’: A®" — A®" can be seen as a morphism in the category DLat of distributive lattices and
lattice (join- and meet-preserving) morphisms. As DLat is a category of models of an algebraic
theory, it is cocomplete (see [ARV11; nLaal), and the coequaliser A®"/&! of the parallel morphisms
id gen, 01,...,0%: A" — A®" exists in DLat:

o1
e 7 LAy EUY A

Ok

Let us now show that A" /&, satisfies the coequaliser universal property in MDLat, that is:

g1
@n T A® # ® /
A®™ U.k>A"*>A "G

h
v

~

B

Let f: A®™ — B correspond to a cocone as depicted above, and let us construct a unique cocone
morphism h: A" /& — B. By universal property of the tensor (up to rebracketing, but this is taken
care of by Mac Lane’s coherence theorem for monoidal categories [Lan78, Chapter 7]), precomposing f
by the canonical map 7: A" — A®" yields a multimorphism f’: A" — A®™:

A®n f >A®n/6;l
”T /
An

Therefore, if a suitable h: A®"/&! — B existed, it would be meet-preserving and since hp o1 = f o1,
hence h¢ = f and hor = fr = f’, it would necessarily be uniquely determined as follows:

{A®”/6’ — B
(/\a1® @ah) — Aih(p(al @ @)
A, (ol o-gal) =hor((ai - ah) =/ ((a - ah)

This expression is also sufficient: let | € [1,k]. The permutation o;: A¥" — A®" is obtained by
universal property of the tensor product for the corresponding permutation o;: A" — A™ of the n-th
cartesian power A" postcomposed by the canonical map 7: A” — A®", As a result:

fli A" — A% = fr
= foim as f = foy

= fro, as oym = 7o,

— f/O_/
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Consequently, such an h := A, (¢! ®---®@a

%
n

) — f'((a

i

1

-, al)) is well-defined.
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